ISSN 1974-4110 (on line edition)
ISSN 1594-7645 (print edition)

Universita
degli Studi di Urbino
“Carlo Bo®

Facolta
di Economia

v econ.uniurb.it

WP-EMS
Working Papers Series in
Economics, Mathematics and Statistics

“A COMPARISON INDEX FOR LINEAR
PROGRAMMING MODELS WITH INTERVAL COSTS”

e Maria Letizia Guerra (Department of Statistical Sciences "Paolo Fortunati",
University of Bologna, Italy)

e Laerte Sorini (Department of Economics, Society and Politics, University of
Urbino)

¢ Luciano Stefanini (Department of Economics, Society and Politics, University of
Urbino)

WP-EMS # 2018/09



A comparison index for linear programming
models with interval costs

Maria Letizia Guerra*! Laerte Sorini and Luciano Stefanini*

Abstract

Interval linear programming (ILP) has a long history but it still re-
serves many interesting suggestions when it is applied to model real prob-
lems that are indivisible by uncertainty. In this paper we apply the com-
parison index for interval ordering based on the generalized Hukuhara
difference to compare solutions in the ILP and we analyse the robustness
of our methodology.

Keywords: Interval Linear Programming, Generalized Hukuhara Dif-
ference, Interval Analysis.

1 Introduction

In linear programming (LP), when uncertainty does not affect the situation to
model, the coefficients of the objective function, of the constraint matrix and
of the right-hand sides of the constraints are assumed to be fixed real numbers.
When uncertainty is the key variable to model all the possible scenarios, then
interval linear programming (ILP) replaces the data by intervals of possible
values and it can establish what happens in the best and worst case (as it is
explained in [20] also in the case of the inverse problem).

In order to compare the objective solutions in the ILP we adopt the compar-
ison index introduced in [11], [26] and [12] that is based on the so called gener-
alized Hukuhara difference for intervals; in the mentioned paper we show that
our index summarizes the order relations proposed and analyzed by Ishibuchi
and Tanaka in [16] where they consider the coefficients in mathematical pro-
gramming problems as intervals and introduce five order relations for ranking
intervals.

Optimization problems in which the coefficients of the objective function and
the constraints are interval have been investigated in a seminal paper by Tong
in [28]; the interval of the solution is deduced by taking the maximum value
range and minimum value range inequalities as constraint conditions. Sengupta
and Pal, in [24], studied the same problem and proposed the concept of the
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acceptability index; see also reference [25], an extended presentation of many
contributions around the main theme.

In [17], a nonlinear interval programming problem is studied when coeffi-
cients are uncertain and the key methodology adopted to solve it is to convert
the interval single-objective problem into a two-objective problem, which con-
siders both of the average value and the robustness of the design. Ramik exten-
sively worked on the topic and in [23] he introduces a class of fuzzy optimization
problems with objective function depending on fuzzy parameters. Hladik in [15]
studies robustness of optimal solutions in terms of their capability to stay opti-
mal when perturbations occur.

In [27] an ensemble framework for assessing solutions of interval program-
ming problems is developed when interval dominance rules are defined and their
correlations are described via exclusion, inclusion and equivalence.

In [2] an algorithm useful for large-scale problems is introduced and it is
based on the construction of an interval linear equations system that is the
union of linear equations coming from the binding constraint indices of the
optimal solution.

The paper is organized as follows: after the introduction, in the second
section we recall the main properties about the way to compare interval numbers.
Section three is devoted to the introduction of linear programming solutions
when costs are modelled through interval numbers. Numerical examples and
sensitivity analysis are collected in section four and section five closes the paper.

2 Interval numbers comparison

An order relation for the ranking of interval numbers has been introduced in
[11] and then it has been detailed in [12]. The index has also been tested in
the research of the average rate of return for investment appraisal in uncertain
conditions (see [13]). Basically we need the following notation:

an interval A = [a~,a™] with a= < a* has a midpoint-radius representation
A = (a;a) that is defined by the following values

at +a” at —a~
a= a = 1
A= ot )
where @ > 0 and such that:
a” =a-a,a"=a+a (2)

Canonical operations are defined in both notations:
A+B=a+b",at +b7] = (@+b;a+Db) (3)
A-B=[a" —b ,at —bt] = (@-b;a—b) (4)
and if A is a scalar then:

A = (\a: |\ ). (5)



We need also the generalized Hukuhara difference (detailed in [26]) that is
defined as R B
ASgg B=(a—b|a—b|) (6)

in order to define the index for interval numbers comparison:

Definition 1 Given two distinct intervals A # B, the gH-comparison index (of
order 2) is defined as

AC,u B

I(A, B — g
CIAB) = 125,1 B]

(7)

where A Sy B is the gH-difference, VA, B, A@gH B = (AGQHB)+J2F(A69HB)_

N
is the midpoint value and ||A Sy Bll, = (‘A OgH B‘ +ASyH BQ> is the
Hausdorff distance.

A comparison index ratio can be defined when a # D as:

<

iS]

YA,B =

)

)

and the relationship between the two indexes is:
1

CI(A)B) = ————
/14 (v4,8)?
where the sign + holds when a > b and — when @ < b.

The index 7,4 p satisfies some properties as the invariance of scale and the
invariance to interval translation.

In [12] we also show how it is possible to extend the definition of a compar-
ison index to fuzzy intervals. R

When comparing overlapping intervals A = (@,a) and B = (b,b), if the
choice is based on the midpoint values @ and b then two kinds of risk arise and
they can be focused as follows:

Definition 2 A type I risk is defined to be the possible worst-case loss when,
comparing A and B, we choose A but there exist elements in B which are better
than all elements of A.

Definition 3 A type II risk is defined to be the possible worst-case loss when,
comparing A and B, we choose B but there exist elements in A which are worst
than all elements of B.

The defined value v, p enables the definition of a "risk" measure that is
detailed in [12] and that we recall as follows:

in a case of a minimization problem we have a preliminary preference for
A against Bifa < b (for the moment a # b) because the difference b —a@ > 0
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Figure 1: type-I and type-II risks that may occur in minimization and maxi-
mization problems.

represents the mid-point gain if we choose A. On the other hand, taking into
account the uncertainties given by @ and b, two possible bad situations may
arise N

(i) b= <a~,ie b—a<b—a, and this means that there exist values b € B
such that b < a for all a € A;

(i) a* > b*, ie. b—a < @ — b, and this means that there exist values a € A
such that a > b for all b € B.

In case (i)

— = Ya,p — 1 measures the possible regret,

relative to the midpoint gain;
in case (ii) a measure of the possible regret is given by the positive quantity
%ﬂlf = ~YA,B — L.

In terms of the the comparison index ratio 4 g, then, the relative regret mea-
sure is positive if y4 g > lorif y4 p < —1 and the regret measures increases
if 74 p increases far from the threshold 1 (case (i)) or decreases far from the
threshold —1 (case (ii)).

In the presence of worst case loss for the two types of risk, the value v 4 5 can
be limited by two fixed values v,, < 0 and v,, > 0 such that v, <y, 5 <7y
and a new order relation can be introduced:

Definition 4 Given two intervals A = [a™,a™| = (a;a) and B = [b~,b"] =
(b;b) and v,, < 0, v, > 0 we define the following (strict) order relation,
denoted < ..,

~ a<b
-3 N -
A< B<:>{ @< — ’YM(G b)<a-1b 9
Yim oY M Ym <Va.B <YM (A = Cald 9)
Tm |\ Q@ — a —

It is immediate to see that the relation <, . =~ with v, <0, v, >0
is antisymmetric and transitive; furthermore, there are specific values of v,,



and 7,, which make the order relation (9) equivalent to the most cited order
relations in literature known with the acronyms LU, LC,UC, CWy;, CW,, as it
is shown in the following definition.

Definition 5 A<,y B& -1<y,p<+lea <b anda® < bt

Let A and B be two intervals with @ < b and Ym < Ya,p < v then it holds
that
1) A <wv B+ YaA,B € [_171] = Vm = _177M =+1
2) A<cwy B+=v4p5<0=7,, =-00,7y =0
A<cw,, B<=v4520= 7, =07y =+
A<pe B<=y4p5<1=7,,=-00,7y =+1
A<yc B<=v4p5>-1=7,, =17y = +c0.

U W
= D=

By varying the two parameters v, < 0, v;, > 0, we obtain a continuum of
strict (partial) order relations for interval. The set of real intervals I with the
order relation <, . ~definedby A<, , B <= (A<, ,, BorA=DB)
with 7, <0,7,, > 0is a complete lattice (I, <, -, )

Consequently, the decision making midpoint representation can be defined

as follows:

a<z
Definition 6 A <, ., X & (¢ T<a+vy(Z-a) withZ e R,Te RTU
T=>a+7,, ([T —a)
{0}
x X= a"“? M (3% - &)
X=VmX N a X
~ ) / \ & X
=Tk \ = = a3
Y F=aiy. (x — a)

Figure 2: the set of intervals D, A)

meM(

For a given interval A = (@;@), consider the set of intervals
D, ~,(4) = {XelAd<, .. X}



Proposition 7 For any real v,, < 0 and v,; > 0 (the slopes of the tangent
lines) and any intervals A, B € I, we have
1. A<, ., BifandonlyifD, . (B)CD, ..

2. A= DBifand only if D, . (A) =D, , (B).

(A), and

Given a family A = {4;]i € T} of intervals (for any finite or infinite index
set 7) the infimum and the supremum operators with respect to partial order
<. v Tespectively C' = inf{A € A} and D = sup{A € A}, are defined by the

two intervals (in mid-point notation) C' = (¢:¢) and D = (d; d)

= 'YMC, - 'y'mc//7 ‘= fYM’Ym(c/ — CN) >0
T — Tm TM — Tm
o "o o
7= wl=wmd G vl —dY)
T™M — Tm T — Tm
where ¢ < ¢’ are
Y =S a
¢ = inf{la— —|A €A}
Y™
¢ = inf{a— L|AecA)
Tm
and d' < d” are
;o N a
d = sup{a— —|AcA}
Ym
d’ = sup{d— —|A €A}
Tm

Remark 8 7o focus on the interest for an interval ordering index, we mention
that the acceptability index for inequality A < B, introduced by Sengupta and
Pal (see [25], [24]) and defined by (assuming @+ b > 0)

>)

)

Acc(A < B) = -,
a+b

is successfully used to convert an interval inequality Ax < B, with © > 0, into
a "crisp equivalent” form as follows

atx <bt
Am<aB<:>{ Ace(B < Az) > «
where o €]0,1] is an assumed fized (optimistic) threshold; substituting the ex-
pression for Acc(B < Az) we obtain

dr+ar<b+b

Ar <, B ~ _
T Sa {ax—aax>b+ab



This set of inequalities, being o > 0, implies that ax > b+ ab+ aar > b and
does not imply a control on the possible worse case losses. In fact we can see
that Ax <, _~,, B is not equivalent to Az <, B in the sense that the one can
not be transformed into the other.

The comparison index can be applied when a variable interval of the form
Ax is compared with a fixed interval B;.two possible worst case losses may occur
and they are related to the value of 7. Supposing = > 0, it follows that the value
of ~ for the inequality Az < B is:

ar—>b
’YAI,B = = ~
ar —b

In order to control the extent of the possible worst case loss for the two
types of risk, we can require that the value v 4, p be controlled for the type I
risk and/or for the type II risk. To do this, we fix two values ,, < 0 and v,, > 0
and we require that valid values of x satisfy az < b and Ym < Vae,B < V-

The two types of risk are eliminated when ~,, € [-1,0] and 7v,, € [0,1].
The values 1 —v,, and 1+4+,,, if negative, give the relative worst case loss with
respect to ax — b.

In terms of (9), we can write:

ar <b

Y@ —a@x > 7,,b—b

If we are minimizing and we do not accept a risk of type II, we may require
that 1 +v,4, 5 >0 (we eventually accept only a risk of type I) and we choose
Ym = —1, Yoy = BIG > 0; a risk of type II represents the possibility that we
realize values in Az that are greater than all values in B. Similarly, if we do
not accept a risk of type I, then we choose v,; =1, v,, = —BIG < 0; a risk of
type I represents the possibility that we realize values in B that are less than
all values in Az. If v,, = —1 and v, = 1 no risk of the two types is accepted.
It follows that the use of the acceptability index does not avoid the two types
of risk that are controlled using the order relationship (9).

3 Interval costs in linear programming

An extended overview of the different approaches reported in the literature to
deal with uncertainty in multiple objective linear models through interval pro-
gramming can be found in [22]; in [1], a review of some methods for solving
ILP (Interval Linear Programming) models with inequality constraints is pre-
sented; in [18] some existing methods for solving interval linear programming
problems are described when the model is transformed into two submodels and
improvements about them are studied.



We apply the order relation <, . = to linear programming with interval
costs (ILP problem) that has the following general form:

minz(z) = [7(2),2" ()] = (Z(2);2(2)) (10)

() = D Guy  Z(@) =) e, (11)
J=1 J=1
s.t. (ASC)] < b i=1,...m A= [ai7j] € R™*" T; >05=1,.,n

where A is a matrix with m rows and n columns, b is m-vector of right-hand
side terms, ¢; = (¢;;¢;), j = 1,2, ...,n are n intervals representing the coefficients
of the linear objective function z(x) to be minimized that is represented by an

interval
z(x) = [7 (2),27 (2)] = (2(2);2 () (12)

where Z (z) and Z (x) are given by
Z(x) = ) oy
j=1
Z(z) = > a;
j=1

An optimal solution x* is computed with the corresponding objective value:
n

Zmin = E cjz; where z is in the feasible convex set:
Jj=1

X={zeR"|z>0, Az <b}. (13)

and the set of feasible objective intervals is again a convex set:

Z={z(z)el|zeX}

Remark 9 It is well known that X is a convex polygon in R™ and this implies
that Z is a convex polygon in the space I of intervals.

"

Definition 10 If 2',2" € X are two feasible solutions and z/ = (z;7), z =
(z7:Z") are the correspondmg objectwe interval values then 3: dominates «’ (or
in other words z dominates z ) if and only zfz <y, Z.

The search of a solution z € X requires the following method: among all
the feasible objective values, the not dominated values, with respect to the
interval relation order <, . (with fixed v,, <0, v,; > 0) have to be selected
. In particular, given two feasible solutions =’ and z” with the corresponding
objective intervals given by: 2z’ = (Z/,Z') and 2" = (2”,Z”) the problem is to
chose the best interval between them. Three possible situations may occur:

Given two feasible solutions 2’ and z” with the corresponding objective
intervals given by: 2’ = (2,Z’) and 2’ = (2”,z"), the best interval between
them corresponds to three cases:



-]
-
“

[}
(S F

L

Z oo B a=0, Ar<h}

Figure 3: from the feasible convex set to the feasible objective intervals

e 2 is better than (dominates) =" or equivalently 2’ <, . —2";

2

e 2" is better than (dominates) z’ or equivalently 2" <, .

e 7' and z” are not comparable because of the incomparability between 2z’
and 2”.

Consequently, a solution z is called efficient if there is no feasible solution z’
such that =’ dominates x. It follows that, as it is shown in Figure 2, the tangent
lines to Z determine the ideal objective interval that has values between the
tangent points called P = (p,p) and Q = (¢,9) -

The main interpretation of the expression z (') <, . z(2") is that:

e 7' dominates z” in the variable space X

e 2 (2’) dominates z (z”) in the space of interval object
The DBC triangle construction provides two important information :

o the efficient boundary of the LP problem, in the target value space Z(X)
[z (z1, %2, ..., Tn) € Z(X)], is inside the triangle DBC;

e value D identifies the ideal objective solution, it is unique in Z, but not
necessarily in X and this implies



|

Figure 4: tangent lines to Z

zp = GLB (Z(X)) Greatest Lower Bounded respect to <,
it D € Z(X) then D is unique and is the ideal solution

Ym

The efficient frontier is determined by two "tangent" lines or better "support
lines":

1) Z=D+ vy (Z— D) where P is feasible,

p=72(zxp) and p = Z (xp) with xp € X such that p — v,,p is the largest.
2) Z=q+",, (Z—q) where Q is feasible,

gd=7%(zqg) and § = Z (zq) with zg € X such that § — ~,,,¢ is the smallest.

The intersection between tangent lines is the ideal solution z;q = (%4, Ziq) :

_ o~ > TPt YD YmT
Z=p+vm (2 —D) Zid = ¥ Izvm (14)
=g, (G—0) | 3y = tw PP (1,7

YTM~Tm

It follows that:

o if z;4 € Z (it is feasible) that it can be considered the optimal solution;

o if 2,y ¢ Z (it is not feasible) then a goal programming technique is ap-
plied in order to find the feasible solution z* = (2*,z*) with the smallest
distance to z;4, i.e. the optimal feasible solution that solves the following
optimization problem:

2 2

n n
min E CiTj — Zid + E Ej(L'j — Zid (15)
Jj=1 Jj=1

10



s.t. Ax;

Zj

b; i=1,...m A= [am-] € R™*"

<
> 05=1,.,n

A solution z is efficient if there is no feasible solution z’ such that 2’ domi-
nates x.

Tangent lines ( support lines ) to Z determine the ideal objective interval
that has values between the tangent points called P = (p,p) and Q = (q,9) -

The interval valued LP optimal solution is

e if z;4 € Z (it is feasible) that it is the unique optimal solution;

o if z;g ¢ Z (it is not feasible) then a goal programming technique is ap-
plied in order to find the feasible solution z* = (2*,z*) with the smallest
distance to z;q, i.e. the optimal feasible solution that solves the following
optimization problem:

2 2

n n
min E CiTj — Zid + E Ej(L'j — Zid (16)
Jj=1 Jj=1

s.t. (Az) b i=1,..,m A=]a;;]eR™"

0j5=1,..,n

4 Numerical examples and sensitivity analysis

We now apply the mentioned results to some linear programming problems with
interval costs and we extend preliminary results shown in [14].
Example 1. The first example is specified with the following data:

40
b= | 132
140

~ | =250 | _ | B0

T —220 '°T | 0
Figure 4 shows the two red tangent lines and the third red line connecting the
tangent points. The area described by blue lines is the feasible set, D is z;4 in

(??) that does not belong to the feasible set and it requires the mentioned goal
programming technique to identify the minimum value PO as z*.

1
A= 14
2

=N =

11
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Figure 5: the ideal and the optimal solution of example 1 are shown

The sensitivity analysis for the optimal solution is carried out through a
scatter plot where values of the two variables x7 and x5 and their frequencies
are shown in order to observe the robustness of the solution. The vertical and
horizontal histograms show the distribution of the values of x; and x5 around
the optimal solution.

Example 2. The second example comes from [5] where the optimization
problem is described as follows (z; >0 j =1,2):

max [—20, 50] z1 + [0, 10] z2

10 60 1080
10 20 400
st. | 10 10 [xé]g 240
30 10 |L7 420
40 10 520

We have solved the problem in the minimization form so that the midpoint
values of the objective function are negative. Figure 2 shows the minimum
value PO obtained with the slope of tangent lines specified as follows: v, = 0
and v,; = 5. The point P1 = (—90;90) is the minimum obtained in [5] and
it is the same a the one obtained by our method (as the nearest interval to
the ideal solution D. corresponding to the chosen values of «,, and 7,,. The
second solution suggested by Chanas and Kuchta is (—210;390), obtained by
our method with the partial order generated by +,, = —2 and v,, = 1.5 and
represented in Figure 3.

12



Figure 6: sensitivity analysis for example 1

An additional numerical example is a problem called ITPMPF (Interval-
valued Transportation Problem with Multiple Penalty Factors) that comes from
chapter 7 of the book [25] and it is defined as:

3 4
min Z' = chgjmi‘j (17)

izlj:l
min Z? = ZZC?jxij (18)
4 l:1J:14 4
sty myy o= (1,9, w9 =[17,21],> x5, = [16,18]
le 3:13 j=1
dowa o= [10,12],> xip = (2,4] (19)
1;1 1§1
D mis = [13,15],) @i = [15,17] (20)
- zj > 0 z‘:1,l;,13 j=1,2,34
where
(1,2]  [1,3] [5,9] [4,8]
C'=(c;) = [1,2] [7,10] [2,6] [3,5] (21)
[7,9] [7,11] [3,5] [5,7]
[3,5] [2,6] [2,4] [1,5]
C?=(c;) = [4,6] [7.9] [7,10] [9,11]
(48] [1,3] [3,6] [1,2]
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We chose 7,,, = —0.25 and ~,, = 0.25. In figure 3, PO = (167.75;47.0625)
is the minimum obtained with our methodology, P1 = (176.5;47) and P2 =
(191; 42) are the minima obtained with the reduction into a standard LPP struc-
ture as in [25] and P3 = (178.875;48.985) is the solution of the same problem
obtained in [7]. We remark that the solutions P1, P2 and P3 are not on the
efficient frontier of the feasible objective values.

The figure shows that PO is the closest to the ideal minimum D, stressing
the goodness of our methodology.

As a final example we consider a common example in papers [27] and [18];
they consider a numerical interval linear programming example as follows:

max f =[3,3.5]z1 — [1,1.2] x2

[1,1.1) 21 + [1.6,1.8] 2 < [11.6,12]
s.t. [3,4) 1 — [2,3] 22 < [5,7]
1,72 >0

5 Further directions and conclusions

When intervals are not enough to model a more complex uncertainty, then
coefficients can be replaced by fuzzy numbers. Fuzzy linear programming (FLP)
was born in 1970 with the seminal work on Decision Theory by R. Bellman and
L.A. Zadeh ([4]) but FLP problems were formally born in 1974 when Tanaka
et al. ([?]) and Zimmermann ([?]) published their works modelling the set of
constraints in LP as fuzzy sets. In [29] it is underlined that FLP can tackle
highly complex situations in an elegant and efficient manner.

The application of the comparison index in interval linear programming is
the main topic of the present paper. The preliminary results seem to encourage

14



some additional research due to the numerical efficiency and robustness of the
suggested methodology and to the large number of possible applications in many
areas.
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