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On Possibilistic Representations
of Fuzzy Intervals

Luciano Stefanini�, Maria Letizia Guerray

Abstract

It is well known that a fuzzy interval has two equivalent representations
given in terms of the so called Left and Right sides of the membership
function (LR-representation) or in terms of the Lower and Upper branches
de�ning the endpoints of the �-cuts (LU-representation).

In this paper we suggest an additional representation of fuzzy intervals
called ACF-representation (using an average cumulative function instead
of the membership function), based on possibility theory.

We illustrate how to build the new representation and we state its basic
properties. The main result is that the Average Cumulative (AC) function
can be uniquely de�ned for any fuzzy interval and it is possible to go from
one representation to the others through appropriate transformations.

An interesting link can be established between ACF-representation
and quantile functions, with a possible statistical interpretation useful in
real application.

We also recommend a parametric form of the AC function.
KEYWORDS: possibility distribution, parametric representations, fuzzy

intervals, quantiles, average cumulative function.

1 Introduction

Representation of fuzzy intervals may take advantage of some key concepts
emerging from possibility theory. Possibility theory has been widely studied; in
particular, for a given normal, upper-semicontinuous and quasi-concave mem-
bership function two dual functions, called the possibility and the necessity
measures have been introduced by Dubois and Prade in [10] and [11]. The
relationship between membership functions and possibility distributions was
primary introduced by Zadeh ([38]) in order to provide a graded semantics to
natural language statements. Many other aspects have been focused by Dubois
and Prade in [12] (see also the recent paper [14]) for normal fuzzy sets; Klir in
[22] generalizes the standard fuzzy-set interpretation to non normal fuzzy sets
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too. Furthermore, Dubois in [9] shows that many notions in statistics are well
interpreted by the numerical possibility theory and Baudrit and Dubois (de-
tails in [1]) analyze the existing relations between possibility theory, imprecise
probability and belief functions. More recently, Couso and Sanchez in [5] and
[6] rephrase the possibilistic interpretation of fuzzy sets to de�ne fuzzy random
variables and con�dence interval for fuzzy approximations.
In this paper we present a new representation of fuzzy intervals (called ACF-

representation) based on possibility theory: associated to the membership func-
tion, we de�ne an Average Cumulative Function (ACF), which is monotonic
with values in [0; 1]. We illustrate how to build the representation and we ana-
lyze its basic properties. The ACF can be uniquely de�ned for any fuzzy interval
and we show that the ��cuts of a fuzzy interval u can be directly obtained from
the ACF.
A relevant aspect motivating the use of the ACF representation stays in the

fact that it can be successfully adopted to determine the membership function
from experimental data. An interesting link is indeed established between AC
function and quantile functions with a possibly statistical interpretation useful
in real applications.
The interest for the ACF-representation is that a biunivocal relationship

can be established between the set of ACFs and the membership functions of
fuzzy intervals. In the speci�c case of continuous membership function, the
ACF is continuous too (and monotonic) and it has the same properties of a
statistical cumulative function. We will shortly discuss about parametric ACF
functions, based on monotonic spline functions, in order to obtain families of
"basic" functions to work with for computations and applications.
As well known, any fuzzy interval has two equivalent representations given

in terms of the so called Left and Right side of the membership function (LR-
representation introduced by Dubois Prade) or in terms of Lower and Upper
branches de�ning the endpoints of the �-cuts (LU-representation introduced by
Voxman and Goetschel). We will analyze the basic relationship between ACF
and LU representations, so obtaining a strict connection between all three LR,
LU and ACF representations; it is then possible to go from one representation
to the other two, through appropriate transformations. The representations
above can be related to the horizontal membership functions introduced in [29]
and [28]; we will not consider it here, as in general it is obtained by a convex
combination of the ��cuts in the LU-representation.
The paper is organized in �ve sections; in section 2 we de�ne the ACF, its

basic properties and its relation with the LU-representation i.e. the ��cuts. In
section 3 we show the connection between the ACF and the quantile functions
and in section 4 the parametric representation of ACF is detailed with examples.
The �fth section ends the paper with some ideas for future research.
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2 Average Cumulative functions associated to a
fuzzy interval

We consider real fuzzy intervals u with compact support [a; b] and compact
nonempty core [c; d] � [a; b] where a � c � d � b 2 R; they are de�ned in
terms of a quasi-concave, upper-semicontinuous function u : R �! [0; 1] such
that [a; b] = cl (fxju(x) > 0g) is the support and [c; d] = fxju(x) = 1g is the
core (here, cl (A) is the closure of set A). The space of fuzzy intervals will be
denoted by RF .
The membership function of u 2 RF can be represented in the form

u(x) =

8>>>><>>>>:
0 if x < a;

uL(x) if a � x < c;
1 if c � x � d;

uR(x) if d < x � b;
0 if x > b:

(1)

where uL : [a; c] �! [0; 1[ is a nondecreasing right-continuous function, uL(x) >
0 for x 2]a; c], called the left side of the fuzzy interval and uR : [d; b] �! [0; 1]
is a nonincreasing left-continuous function, uR(x) > 0 for x 2 [d; b[, called the
right side of the fuzzy interval. If c = d then u is called a fuzzy number and fcg
is the core or u.
We extend the two functions uL(x) and uR(x) to the real domain by setting

uLext(x) =

8<: 0 if x < a;
uL(x) if a � x < c;
1 if x � c;

uRext(x) =

8<: 1 if x � d;
uR(x) if d < x � b;
0 if x > b:

Following Dubois-Kerre-Mesiar-Prade (see, e.g., [16], [17]), a fuzzy interval
u 2 RF can be viewed as a possibility distribution on the real numbers and there
exists a pair of cumulative distribution functions (CDF), called the lower CDF
and the upper CDF of u, respectively, based on the extended left side function
uLext(x) and the extended right side function u

R
ext(x). As described in [16], a

fuzzy interval u with membership (1) can be equivalently characterized by the
pair (Posu; Necu) of cumulative distribution functions Posu : R �! [0; 1] and
Necu : R �! [0; 1] given by

Posu(x) = sup fu (t) j t � xg = uLext(x)
Necu(x) = 1� sup fu (t) j t > xg = 1� lim

t#x
uRext(t).

By construction, the two distribution functions Posu and Necu are nonde-
creasing and càdlàg (French "continue à droite, limite à gauche", right contin-
uous with left limits) at all points of their domain R.
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For interpretations of Posu and Necu see the extended literature on possi-
bility theory, started with [38], [11], [17]; see also the recent book [2] and the
references therein.
In this paper, instead of the pair (Posu; Necu), we consider a modi�ed pair

of functions where the second component is substituted by

FRu (x) = 1� uRext(x) =

8<: 0 if x � d;
1� uR(x) if d < x � b;

1 if x > b:
;

we call FRu the quasi-necessity function of u. For uniformity of notation, we also
denote

FLu (x) = u
L
ext(x):

Remark that, for continuous membership functions, we always have lim
t#x

uRext(t) =

uRext(x) and F
R
u (x) = Necu(x).

Any weighted average (convex combination) of the two functions FLu and
FRu can be used to represent a fuzzy interval.

De�nition 1 For a �xed value of � 2 [0; 1], the �-Average Cumulative function
(�-ACF) of u is de�ned to be the following convex combination of FLu and FRu ,
for all x 2 R,

F (�)u (x) = (1� �)FLu (x) + �FRu (x)

=

8>>>><>>>>:
0 if x < a

(1� �)uL(x) if a � x < c
1� � if c � x � d

1� �uR(x) if d < x � b
1 if x > b.

For the value � = 1
2 we denote F

( 12 )
u (x) simply by Fu(x).

Remark 2 In the continuous case, i.e. when the membership function of u is
continuous, we have

F (�)u (x) = (1� �)uLext(x) + �
�
1� uRext(x)

�
= (1� �)Posu (x) + �Necu (x) .

As a consequence, for continuous u, each function F (�)u = (1� �)FLu + �FRu is
nondecreasing and càdlàg for all � 2 [0; 1]; it can be considered as a cumulative
distribution function, as indeed lim

x�!�1
F
(�)
u (x) = 0 and lim

x�!+1
F
(�)
u (x) = 1;

its generalized inverse, de�ned by (F (�)u )�1(t) = inffx 2 RjF (�)u (x) � tg =
supfx 2 RjF (�)u (x) < tg is also called, in the statistical literature, the quantile
function of F (�)u .
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Remark 3 The average of the possibility and necessity functions 1
2Posu (x) +

1
2Necu (x) is called "credibility distribution" by Liu (see [27]); it coincides with
Fu when u is a continuous fuzzy interval.

In Figure 1 we represent an LR fuzzy interval u and the corresponding
functions F (�)u for some values of � 2 [0; 1].
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Figure 1. A fuzzy interval u (top,left) and � u (top,right) and the corresponding
�-ACFs, for � 2 f0:3; 0:5; 0:8g.

Proposition 4 The �-ACF has the following translation property: for a given
fuzzy interval u 2 RF and a number � 2 R, the translated fuzzy interval v =
u+ �, with membership function v(x) = u(x� �), is such that

F
(�)
u+�(x) = (1� �)vLext(x) + �vRext(x) (2)

= (1� �)uLext(x� �) + �uRext(x� �)
= F (�)u (x� �).

It is interesting to remark a connection between the �-ACF of u and of the
opposite fuzzy interval �u; recall that, from the extension principle, the fuzzy
number �u can be de�ned by the following membership function

(�u)(x) := u(�x), for all x 2 R.

We can also write (�u)(�x) := u(x), i.e., the membership value (�u)(�x) of
�x 2 R, with respect to the fuzzy interval (�u), is the same as the membership
value of x with respect to u.
We have the following property, relating the �-ACF of u and the (1��)-ACF

of �u.
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Lemma 5 Let u 2 RF and let �u 2 RF be its opposite interval; then, the
following equality holds true for all � 2 [0; 1]

F (�)u (�x) + F (1��)�u (x) = 1, for all x 2 R

where F (1��)�u is the (1� �)-ACF of �u.

Proof. Let [a; b] be the support of u and [c; d] its core, with a � c � d � b;
so that the support and the core of �u are, respectively, [�b;�a] and [�d;�c],
with �b � �d � �c � �a � 0. The membership function of �u is given by

(�u)(x) =

8>>>><>>>>:
0 if x < �b;

uR(�x) if �b � x < �d;
1 if �d � x � �c;

uL(�x) if �c < x � �a;
0 if x > �a

so that the extended functions of �u are

(�u)Lext(x) = uRext(�x) (3)

(�u)Rext(x) = uLext(�x) (4)

It follows that the two functions FL�u(x) = (�u)Lext(x) = uRext(�x) FR�u(x) =
1� (�u)Rext(x) = 1�uLext(�x) are, respectively, nondecreasing, right continuous
and nonincreasing, left continuous.
Then, from F (1��)�u (x) = �(�u)Lext(x)+(1��)

�
1� (�u)Rext(t)

�
with (3)-(4) and

F
(�)
u (�x) = (1� �)FLu (�x) + �FRu (�x) we obtain

F (�)u (�x) + F (1��)�u (x) = (1� �)FLu (�x) + �FRu (�x)
+�FL�u(�x) + (1� �)FR�u(x)

= (1� �)uLext(�x) + �
�
1� uRext(�x)

�
+�uRext(�x) + (1� �)

�
1� uLext(�x)

�
= �+ (1� �) = 1.

Remark 6 From Lemma 5 we immediately deduce the following formula for
the �-ACF of �u:

F
(�)
�u (x) = 1� F (1��)u (�x), for all x 2 R.

The proved Lemma 5 can now be used to prove our main result, Theorem
7 below: it shows that the �-cuts of any fuzzy interval can be obtained by
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inverting the �-ACFs of u and �u for any value of � 2]0; 1[. After its proof, it
will be also immediate to see that the �-ACFs corresponding to the values � = 0
or � = 1 are not able to reproduce completely the �-cuts [u�� ; u

+
� ], as in fact

F
(0)
u and F (1)�u loose information on u

R, while F (1)u and F (0)�u loose information
on uL.
Before the setting of Theorem 7, we need to point out some facts. As we

have seen above, the two functions F (�)u and F (1��)�u do not have, in general,

the properties of a cumulative distribution function (indeed, F (�)u is càdlàg on
[a; b] only if uR is continuous and F (1��)�u is càdlàg on [�b;�a] only if uL is
continuous). But it is immediate to verify that, for any value of � 2]0; 1[, the
function F (�)u is càdlàg on [a; d] and the function F (1��)�u is càdlàg on [�b;�c]:
at least partially in their domains, they have the properties of a cumulative
distribution function.
For a given nondecreasing function F : [a; b] �! [0; 1], the generalized inverse

(also called the quantile function of F in probability theory, see, e.g. [18], when
F is càdlàg) is de�ned to be the function F�1 :]0; 1[�! [a; b] such that

F�1(�) = inffxjF (x) � �g for all � 2]0; 1[. (5)

Remark that an equivalent de�nition of (5) for a function F 2 F(R), called
in [21] the pseudo-inverse F (�) : [0; 1] �! R of F , is de�ned by

F (�)(�) =

�
aF if fxjF (x) < �g is empty
supfxjF (x) < �g otherwise.

(6)

Several properties of the pseudo inverse of a nondecreasing function are
analyzed in [21]. The equivalence between the two de�nitions in (5) and (6)
can be deduced from Theorem 1 in [19], observing that in its proof F is only
required to be nondecreasing.
Clearly, F�1 is not the ordinary inverse, unless F itself in strictly increasing

from 0 to 1. The following well-known properties of F�1 (see [18]) have a role
in a possibly statistical interpretation of the next Theorem 7:
1) F�1 is nondecreasing, left continuous and has right limits lim

h#0
F�1(p+

h) = inffxjF (x) > pg;
2) F�1(F (x)) � x for all x 2 [a; b] with 0 < F (x) < 1;
3) F (F�1(p)) � p for all p 2]0; 1[ and for real x it is F�1(p) � x if and

only if p � F (x);
4) (see [18]) if ! is a random variable with uniform distribution on [0; 1]

and we consider the quantile transformation � = F�1(!), then the random
variable � has exactly cumulative distribution function F .
The main theorem below shows that the (partial) càdlàg property 1) is any-

how su¢ cient to determine all the relevant �-cuts [u�� ; u
+
� ] of u, i.e., for � 2]0; 1].

Recall that the fuzzy interval �u has �-cuts given by [�u+� ;�u�� ], so that, in
particular, u+� = �(�u)�� .
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Theorem 7 Let u 2 RF and let F (�)u , F (1��)�u be the �-ACF of u and the (1��)-
ACF of �u, respectively, for any given value � 2]0; 1[. For all � 2]0; 1], the
�-cut [u�� ; u

+
� ] of u is given by

u�� = inf
n
x 2 [a; c]jF (�)u (x) � (1� �)�

o
(7)

=
�
F (�)u j�

��1
((1� �)�)

u+� = �(�u)�� = � inf
n
x 2 [�b;�d]jF (1��)�u (x) � ��

o
(8)

= �
�
F
(1��)
�u j�

��1
(��)

where
�
F
(�)
u j�

��1
and

�
F
(1��)
�u j�

��1
are the generalized inverses of the restric-

tions of F (�)u and F (1��)�u to the subintervals [a; c] and [�b;�d], respectively (or
more generally to ]�1; c] and ]�1;�d]).
In the particular case of � = 1

2 , we obtain, denoting Fu = F
( 12 )
u and F�u = F

( 12 )
�u ,

u�� = inf
n
xjFu(x) �

�

2

o
= (Fu)

�1
��
2

�
u+� = � inf

n
xjF�u(x) �

�

2

o
= � (F�u)�1

��
2

�
.

Proof. Let � 2 ]0; 1] be �xed. Observe �rst that F (�)u (x) = 1�� for all x 2 [c; d]
so that inffxjF (�)u (x) � (1� �)�g � c and � inffxjF (1��)�u (x) � 1� ��g � �d.
With reference to (7) we can consider only x � c; then inequality F (�)u (x) �
(1� �)� means (1� �)uL (x) � (1� �)�, i.e., uL (x) � � if x 2]a; c]; it follows
that inffxjF (�)u (x) � (1 � �)�g = inffxjuL(x) � �g = u�� . Analogously, with
reference to (8), we can consider only x � �d, so that inequality F (1��)�u (x) �
��, using Lemma 5, means �uR(�x) � ��, i.e., uR(�x) � �; it follows that

� inf
n
xjF (1��)�u (x) � ��

o
= supf�xjF (1��)�u (x) � ��g = supfyjuR(y) � �g =

u+� .

Remark 8 A consequence is that, if Fu(x) is continuous and strictly increasing,
u�� is such that Fu(u

�
� ) =

�
2 and u

+
� is such that Fu(u

+
� ) = 1� �

2 ; furthermore, if
u has fcg as the core and considering � = 1, we obtain c = inffxjFu(x) � 1

2g =
supfxjFu(x) � 1

2g i.e. c = fxjFu(x) = 1
2g. The core value c (assumed to be

unique) has the same property as the median of Fu(x), when we consider Fu
itself as a probability (statistical) distribution function.

Consider any nondecreasing function F : R �! [0; 1] satisfying the proper-
ties below, given any �xed value � 2 ]0; 1[:
1) aF = supfxjF (x) = 0g 2 R, bF = inffxjF (x) = 1g 2 R (clearly

aF � bF );
2) cF = inffxjF (x) � 1 � �g 2 R, dF = supfxjF (x) � 1 � �g 2 R

(clearly cF � dF );
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3) aF � cF � dF � bF and F is right-continuous on [aF ; cF [, left-
continuous on ]dF ; bF ] and F (x) = 1� � for all x 2 [cF ; dF ].
Then there exists a unique fuzzy interval uF 2 RF with �-ACF, for � 2 ]0; 1[

given by F . Indeed, the membership function of uF is given by (compare with
De�nition 1.)

uF (x) =

8>>>><>>>>:
0 if x < aF ;

1
1��F (x) if aF � x < cF ;

1 if cF � x � dF ;
1
� (1� F (x)) if dF < x � bF ;

0 if x > bF

; (9)

and, from the assumptions 1), 2) and 3) on F , uF is a fuzzy interval (the proof
is immediate by directly verifying that uF 2 RF ).
We will denote by F�(R) the family of all functions F : R �! [0; 1] with the

properties 1)-2)-3).
We have immediately that, for any �xed � 2 ]0; 1[ there exists a bijection

between the set of fuzzy intervals, RF , and the family of nondecreasing functions
F�(R):

�� : RF �! F(R), ��(u) = F (�)u (10)

��1� : F�(R) �! RF , ��1� (F ) = uF . (11)

By construction, it is obvious that ��1� (��(u)) = u for all u 2 RF , and that
��(�

�1
� (F )) = F for all F 2 F�(R). We summarize the above result by the

following proposition:

Proposition 9 For any u 2 RF , its �-AC function given by de�nition 1 satis-
�es properties 1),2),3) and, viceversa, for any F satisfying 1),2),3) there exists
a unique element uF 2 RF , given by (9), having F as its �-AC function.

In the particular case of � = 1
2 ; the family F�(R) will be simply denoted

by F(R) and the bijection �� will be denoted by �; the 1
2�AC function of

u 2 RF is a nondecreasing function Fu : R �! [0; 1] such that Fu(x) = 1
2u

L(x)
on [a; c[, Fu(x) = 1 � 1

2u
R(x) on ]d; b] and Fu(x) = 1

2 on the core [c; d] of u.
Viceversa, if F 2 F(R) is given, the membership function of the corresponding
fuzzy number uF 2 RF has left and right branches given by uL(x) = 2F (x) and
uR(x) = 2� 2F (x)
If u 2 RF is continuous, then Fu 2 F(R) is also continuous; viceversa, if

F 2 F(R) is continuous, then also uF 2 RF is continuous. So, the bijection
� : RF �! F(R) transforms continuous fuzzy intervals into continuous 1

2 -AC
functions and the bijection ��1 : F(R) �! RF transforms continuous F 2 F(R)
into continuous uF 2 RF .

2.1 Arithmetic operations with ACF

It is interesting to express fuzzy arithmetic operations in terms of 12 -AC func-
tion. If } is any binary operation de�ned on the space RF , there exists a
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corresponding operation }0 on the space F(R), such that, in terms of bijections
� (10) and ��1 (11) it is

Fu }0 Fv = �(u} v), and u} v = ��1(Fu }0 Fv). (12)

We show how the relations in (12) work for linear shaped trapezoidal fuzzy
numbers such as u = ha; c; d; bi and v = ha0; c0; d0; b0i. We know that

�u =

8<: h�a; �c; �d; �bi if � � 0

h�b; �d; �c; �ai if � < 0
(13)

and
u+ v = ha+ a0; c+ c0; d+ d0; b+ b0i . (14)

Corresponding to the left and right branches of the membership functions,
the ACF of u is Fu (x) = 1

2
x�a
c�a on [a; c[, Fu (x) = 1 � 1

2
b�x
b�d on ]d; b] (and

similarly for v):
Then

F�1u (�) =

�
a+ 2� (c� a) if 0 � � � 1

2
d� 2

�
1
2 � �

�
(b� d) if 1

2 < � � 1
(15)

(similarly for F�1v (�)).
For the scalar multiplication, when � 2 [0; 1] ; it holds

F�1�u (�) = �F
�1
u (�)

and we conclude, according to (13), that

F�1�u (�) = �F
�1
u (�) =

�
�a+ 2�� (c� a) if 0 � � � 1

2
�d� 2�

�
1
2 � �

�
(b� d) if 1

2 < � � 1
, (16)

if � � 0, or

F�1�u (�) = �F
�1
u (�) =

�
�b� 2�

�
1
2 � �

�
(d� b) if 0 � � � 1

2
�a+ 2��(c� a) if 1

2 < � � 1
, (17)

if � < 0.

For the addition we have, according to (14):

F�1u+v(�) = F�1u (�) + F�1v (�) =

=

�
a+ a0 + 2� (c+ c0 � a� a0) if 0 � � � 1

2
d+ d0 � 2

�
1
2 � �

�
(b+ b0 � d� d0) if 1

2 < � � 1
.
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3 Average Cumulative function as a quantile func-
tion

In the rest of the paper, we consider the �-ACF functions only for � = 1
2 and we

denote the corresponding 1
2 -ACF of fuzzy intervals u and �u by Fu(x), F�u(x),

respectively.
For a real random variable � with cumulative distribution function F�, a

quantile of order p 2]0; 1[ (or corresponding to the probability p) is a real value
x where F� crosses or jumps over p.

De�nition 10 A quantile of order p 2]0; 1[ for a cumulative distribution func-
tion F� (or for the associated random variable �) is a real value �p such that

lim
x"�p

F�(x) � p and F�(�p) � p.

According to Theorem 7 and following the extended literature on statistical
quantiles it is immediate to deduce the following proposition.

Proposition 11 Let u 2 RF with 1
2 -ACF Fu(x), x 2 R; then for all � 2]0; 1],

the �-cuts [u�� ; u
+
� ] of u are such that u

�
� is the

�
2 -quantile of Fu(x) and �u

+
�

is the �
2 -quantile of F�u(x).

The proposition above is useful to estimate the level cuts (and the member-
ship function) of a normal fuzzy number or interval u 2 RF .
Remark that Fu(c) = 1

2 . If Fu(x) is continuous and strictly increasing, u
�
�

is such that Fu(u�� ) =
�
2 and u

+
� is such that Fu(u+� ) = 1 � �

2 ; furthermore,
considering � = 1, we obtain c = inffxjFu(x) � 1

2g = supfxjFu(x) � 1
2g i.e.

c = fxjFu(x) = 1
2g.

Let us consider the case when the membership function is given at a �nite
number of points, i.e. suppose that the fuzzy number u 2 RF is "measured" at
N observations (xi; u(xi)):
We can assume that a = minfxiju(xi) > 0g and b = maxfxiju(xi) > 0g,

corresponding to the values xi with u(xi) > 0.
For a value of � 2]0; 1], the (empirical) �2 -quantile and (1�

�
2 )-quantile are

obtained by minimizing (see [24], [25] and [37]) the two (empirical) functionals

S�� (m) = (1� �
2
)

NP
i=1
xi<m

(m� xi) +
�

2

NP
i=1
xi>m

(xi �m)

S+� (m) =
�

2

NP
i=1
xi<m

(m� xi) + (1�
�

2
)

NP
i=1
xi>m

(xi �m).

The obtained values

m�
� (N) = argmin

m
S�� (m) (18)

m+
� (N) = argmin

m
S+� (m) (19)
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are an estimate [m�
� (N);m

+
� (N)] of the �-cut [u

�
� ; u

+
� ] of u and are obtained

without computing directly the (empirical) AC function from the data.
The Glivenko Cantelli theorem can be applied to analyze the convergence of

m�
� (N) and m

+
� (N) to the ��cut [u�� ; u+� ].

Consider a decomposition PN= fx1 � x2::: � xNg of the support [aF ; bF ]
and de�ne the corresponding empirical AC function as:

bFPN (x) = 1

N

NX
i=1

I (x � xi)

where

I (x � xi) =

8<: 1 if x � xi

0 if x < xi

9=; :
Theorem 12 (Glivenko-Cantelli, chapter 2 in [36]) For a given bFPN the fol-
lowing holds:

sup
x2[aF ;bF ]

��� bFPN (x)� F (x)��� a:s:�! 0

where the limit is obtained as the mesh length jPN j tends to zero.
For a given empirical AC function bFPN the values m�

� (N) and m
+
� (N) are

called the plug-in non parametric estimators of u�� and u
+
� respectively (as in

[36]).
The Glivenko-Cantelli theorem ensures that bFPN converges to F almost

surely and this suggests that the intervals [m�
� (N);m

+
� (N)] will converge to

[u�� ; u
+
� ] as N �!1.

Remark 13 In several statistical software procedures, the quantiles of the em-
pirical distribution of observations xi, i = 1; :::; N , are frequently computed by
sorting the data in ascending order, taking the sorted values x(i) as the quan-
tiles corresponding to probability pi = 2i�1

2N , i = 1; ; :::; N and using linear in-
terpolation for quantiles corresponding to intermediate probabilities. A similar
algorithm is not exact; this is why we adomp (18) and (19). An example is the
following with N = 8, x1 = 2, x2 = 4, x3 = 5, x4 = 6, x5 = 8, x6 = 9, x7 = 11,
x8 = 13; the empirical fuzzy interval has (piecewise constant) membership func-
tion given by

u(x) =

8>>>><>>>>:
0 if x < 2 or x > 13
1
4 if x 2 [2; 4[ or x 2]11; 13]
1
2 if x 2 [4; 5[ or x 2]9; 11]
3
4 if x 2 [5; 6[ or x 2]8; 9]
1 if x 2 [6; 8] (the core)

.

In order to evaluate the applicability of equations (18) and (19) to approxi-
mate the alfa cuts of a fuzzy number we show a series of �ve experiments.
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We consider the fuzzy number u 2 RF having �-cuts

[u�� ; u
+
� ] = [10�

0:5; 12� 2�1:5], � 2 [0; 1].

The core of u is c = 10 and the support is [0; 12]. Observations from u can be
generated by sampling u�� and u

+
� at n values �i, i = 1; :::; n, uniformly between

0 and 1, for di¤erent values of n (so than a total of N = 2n data are obtained).
Furthermore, to verify robustness, we apply (18),(19) to randomly generated
fuzzy numbers u(k), k = 1; :::;K by perturbing the core and/or the support of
u, for a given number K of replications.
In each experiment, for a �xed n 2 f11; 21; 51; 101g, K = 100 random sam-

ples [(u(k))�i ; (u
(k))+i ] are generated (i = 1; :::; n, k = 1; :::;K) and (18-19) are

applied for each k to obtain L = 41 estimated level-cuts [bu(k)��j
; bu(k)+�j

] of u,

with �j =
j�1
L�1 (j = 1; :::; L); �nally, the averages (u)

�
�j
= 1

K

XK

k=1
bu(k)��j

and

(u)+�j =
1
K

XK

k=1
bu(k)+�j

are compared with the exact �-cuts of u, u��j = 10�
0:5
j ,

u+�j = 12 � 2�1:5j . The percentage average absolute error (being u��j � 0, the

denominator is set to 1 + u��j to avoid possible division by zero)

AERR =
100

2L

LX
j=1

 ����� (u)
�
�j
� u��j

1 + u��j

�����+
����� (u)

+
�j
� u+�j

1 + u+�j

�����
!
.

In all �gures that report the results, the top subplot shows theK = 100 repli-

cations of the sampled observation points
�
(u(k))�i ; �

(k)
i

�
and

�
(u(k))+i ; �

(k)
i

�
,

for i = 1; :::; n and for the selected n (i.e. the membership functions of each

u(k)). The bottom-left subplot reproduces the analogous points
�
(bu(k))�j ; �(k)j �

and
�
(bu(k))+j ; �(k)j �, i.e. the K membership functions of the fuzzy numbers ob-

tained by (18-19). Finally, the bottom-right subplot reproduces the estimated
membership functions (black crosses) and the original membership correspond-
ing to the �j-cuts, j = 1; :::; L (blue circles).
In the �rst experiment, the samples [(u(k))�i ; (u

(k))+i ] are obtained from u

simply for di¤erent selections of the "observed" levels �(k)i , i = 1; :::; n, randomly
generated from a uniform distribution between 0 and 1, and replicated K times.
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In �gure 2, the case with n = 21 is pictured.
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Fig. 2. First experiment, n = 21.

In table 1, the AERR is given for the di¤erent values of n; we see that it
decreases quickly as the number of the observed levels increases from n = 11 to
n = 101.

Table 1: AERR for di¤erent values on n in �rst experiment.

n 11 21 51 101
AERR 4:33% 2:26% 0:90% 0:36%

In the next four experiments, the original fuzzy number u is perturbed such
that
1. the core is not the constant c = 10, but c(k) = c+ �c;k where each �c;k is

a normal variable with distribution N(0; �c) (mean 0 and variance �2c);
2. the left value of the support is not the constant a = 0, but a(k) = �a;k,

where each �a;k is a normal variable randomly generate from a distribution
N(0; �a) (mean 0 and variance �2a);
3. the right value of the support is not the constant b = 12, but b(k) =

12+ �b;k, where each �b;k is a normal variable with distribution N(0; �b) (mean
0 and variance �2b).
As for the �rst experiment, we sample u�� and u

+
� at n points �i generated

from uniform distribution on [0; 1] as follows: �1 = 0, �i = rand() and �n = 1
(N = 2n and rand() is a uniform pseudo-random number generator); the data
are then computed with the same shape as for u but with the modi�ed core c(k)

and support [a(k); b(k)] (provided that a(k) < c(k) < b(k))

(u(k))�i = a(k) + (c(k) � a(k))�0:5i
(u(k))+i = b(k) � (b(k) � a(k))�1:5i

14



The second experiment uses �c = 1:0, �a = 0:0 and �b = 0:0, i.e. only the core
is perturbed. Consider that �c = 1:0 produces a relatively big perturbation
with respect to c = 10:0. This appears in �gure 3, where the case with n = 21
is pictured.
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Fig. 3. Second experiment, with �c = 1:0, �a = 0:0, �b = 0:0 and n = 21.

In table 2, the AERR for the second experiment is given for the di¤erent
values of n; also for this experiment the AERR rapidly decreases for n = 11 to
n = 101.

Table 2: AERR for di¤erent values on n in second experiment.

n 11 21 51 101
AERR 4:38% 2:29% 0:90% 0:35%

The third experiment uses �c = 1:0, �a = 0:5 and �b = 1:0, i.e. the core and
the support are both changed with relatively big perturbations. This appears
in �gure 4, where the case with n = 21 is pictured, and in table 3, for di¤erent
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values of n.
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Fig. 4. Third experiment, with �c = 1:0, �a = 0:5, �b = 1:0 and n = 21.

Table 3: AERR for di¤erent values on n in third experiment.

n 11 21 51 101
AERR 4:81% 2:71% 1:26% 0:81%

.

Finally, the last two experiments are obtained by progressively reducing the
perturbations of the core and the support; in the fourth case, we chose �c = 0:5,
�a = 0:25 and �b = 0:5, in the �fth case we chose �c = 0:2, �a = 0:1 and
�b = 0:2. Tables 4 and 5 give the corresponding AERR for di¤erent n.
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Fig. 5. Fourth experiment, with �c = 0:5, �a = 0:25, �b = 0:5 and n = 21.
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Table 4: AERR for di¤erent values on n in fourth experiment.

n 11 21 51 101
AERR 4:54% 2:42% 1:03% 0:46%

.
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Fig. 6. Fifth experiment, with �c = 0:2, �a = 0:1, �b = 0:2 and n = 21.

Table 5: AERR for di¤erent values on n in �fth experiment.

n 11 21 51 101
AERR 4:41% 2:32% 0:94% 0:37%

.

Resuming the results of the �ve experiments it follows that the AERR has
the same order of magnitude independently from the perturbations we apply
and this may be viewed as a good robustness property.

4 Parametric representation of ACFs

As in section 2, we consider fuzzy intervals u 2 RF with membership function
u : R �! [0; 1], with compact support [a; b] (where a = inffxju(x) > 0g and
b = supfxju(x) > 0g) and nonempty compact core [c; d], c � d (where c =
inffxju(x) = 1g and d = supfxju(x) = 1g).
From the same section it comes to light that any u 2 RF has tree parametric

representations:
I LR-parametric uLR, with decompositions of the support for left and right

sides;
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I LU-parametric uLU , with decompositions of [0; 1] for the lower and upper
branches;
I ACF-parametric uACF , i.e.,

uACF = f(xLi ; FLi ); (xRj ; FRj )ji = 0; 1; :::; NL; j = 0; 1; :::; NRg

with decompositions of left and right subintervals for quasi-càdlàg function Fu.
Using appropriate transformations of the parameters we can obtain each one
from the other; for example from LR we can obtain ACF as in (??).
The distinctions between the various de�nitions of "inverse" functions for

F 2 F(R) as discussed at the end of section 2 again, are no more required if we
assume that F is continuous, so that also uF 2 RF is continuous.
In the rest of this paper, we assume that F is continuous and we denote by

Fc(R) the subfamily of continuous functions of F(R).
A general approximation for functions F 2 Fc(R) can be obtained by adopt-

ing parametric monotonic functions of the same type as suggested in [33] and
[34], e.g., the (2,2)-rational function p : [0; 1] �! [0; 1] de�ned, for �xed but
arbitrary �0; �1 � 0, by

p(t;�0; �1) =
t2 + �0t(1� t)

1 + (�0 + �1 � 2)t(1� t)
, t 2 [0; 1] (20)

The basic properties of p are that, for all �0; �1 � 0, p(0;�0; �1) = 0, p(1;�0; �1) =
1, its derivative is nonnegative (considering right derivative at t = 0 and left
derivative at t = 1) and p0(0;�0; �1) = �0, p

0(1;�0; �1) = �1. By changing the
values of �0; �1 � 0, functions (20) generate an in�nite number of monotonic
increasing functions.
The "shape" functions p(t;�0; �1) can be adopted to represent functions F 2

Fc(R) "piecewise" on two decompositions of the intervals [aF ; cF ] and [dF ; bF ]
into NL subintervals aF = xL0 < x

L
1 < ::: < x

L
NL
= cF and NR subintervals dF =

xR0 < xR1 < ::: < xRNR
= bF ; at the extremal points of each subinterval ILi =�

xLi�1; x
L
i

�
and IRj =

�
xRj�1; x

R
j

�
the values of F are �xed to the nondecreasing

values FLi , i = 0; 1; :::; NL and F
R
j , j = 0; 1; :::; NR with F

L
0 = 0 < F

L
i < F

L
NL
=

1
2 (with F

L
i�1 � FLi for i = 2; :::; NL � 1) and FR0 = 1

2 < FRj < FRNR
(with

FRj�1 � FRj for j = 2; :::; NR � 1).
Finally, F 2 Fc(R), is constructed by choosing NL+NR pairs of nonnegative

parameters (�L0;i; �
L
1;i), (�

R
0;j ; �

R
1;j) for all i = 1; :::; NL and j = 1; :::; NR (the

slopes of F at the extremes of each subinterval ILi and I
R
j ) and by setting

F (x) =

8>>>>>><>>>>>>:

0 if x < aF

FLi�1 + (F
L
i � FLi�1)p(

x�xLi�1
xLi �xLi�1

;�L0;i; �
L
1;i) if xLi�1 � x < xLi

1
2 if cF � x � dF

FRj�1 + (F
R
j � FRj�1)p(

x�xRj�1
xRj �xRj�1

;�R0;j ; �
R
1;j) if xRj�1 < x � xRj

1 if x > bF

It is easy to check that the construction leads to functions F 2 Fc(R).

18



For the case when NL = NR = 1, we have a simple construction where a

single standardized function p
�
t;�L0 ; �

L
1

�
is used to represent F on [aF ; cF ] and

another p
�
t;�R0 ; �

R
1

�
to represent F on [dF ; bF ]

F (x) =

8>>>>><>>>>>:

0 if x < aF
p( x�aFcF�aF ;�

L
0 ; �

L
1 ) if aF � x < cF

1
2 if cF � x � dF

1
2

�
1 + p( x�dFbF�dF ;�

R
0 ; �

R
1 )
�

if dF < x � bF
1 if x > bF

:

This simple construction requires 8 parameters, i.e. the four values aF �
cF � dF � bF for the support and the core of the corresponding uF and the
four nonnegative parameters (�L0 ; �

L
1 ) and (�

R
0 ; �

R
1 ) used to �x the slopes of F

at the points aF ; cF and dF ; bF , respectively.
Examples of functions F and corresponding uF for di¤erent pairs (�

L
0 ; �

L
1 )

and (�R0 ; �
R
1 ) are pictured in �gure 7, where aF = 1, bF = 5, cF = 2+0:5 rand(),

dF = 3 + 0:5 rand() and the �s are generated between 0 and 2.

1 2 3 4 5
0

0.5

1

β0
L=0.55, β1

L=1.4, β0
R1.3, β1

R=0.33

1 2 3 4 5
0

0.5

1

β0
L=1.9, β1

L=0.68, β0
R1.2, β1

R=0.45

1 2 3 4 5
0

0.5

1

β0
L=1, β1

L=1.4, β0
R1.8, β1

R=1.9

1 2 3 4 5
0

0.5

1

β0
L=0.3, β1

L=0.52, β0
R1.7, β1

R=0.51

1 2 3 4 5
0

0.5

1

β0
L=1.9, β1

L=0.7, β0
R0.39, β1

R=0.5

1 2 3 4 5
0

0.5

1

β0
L=0.7, β1

L=1.7, β0
R1.2, β1

R=1.1

1 2 3 4 5
0

0.5

1

β0
L=1.5, β1

L=1.5, β0
R0.76, β1

R=1.1

1 2 3 4 5
0

0.5

1

β0
L=1.1, β1

L=1.6, β0
R1.9, β1

R=0.26

1 2 3 4 5
0

0.5

1

β0
L=0.024, β1

L=0.67, β0
R0.32, β1

R=1.6

1 2 3 4 5
0

0.5

1
β0

L=0.33, β1
L=1.2, β0

R0.53, β1
R=1.3

1 2 3 4 5
0

0.5

1
β0

L=0.9, β1
L=0.17, β0

R0.46, β1
R=1.8

1 2 3 4 5
0

0.5

1
β0

L=1.1, β1
L=2, β0

R0.16, β1
R=0.89

Fig. 7: Randomly generated F 2 Fc(R) and corresponding fuzzy intervals uF

In applications where we are interested to generate fuzzy numbers uF with
a single-valued core, without specifying its value a-priori, we can model the
ACF by �xing the support [aF ; bF ], aF < bF , and the two end-slope parameters
�L0 = �a � 0, �R1 = �b � 0 so that

F (x) =

8<:
0 if x < aF

p( x�aFbF�aF ;�a; �b) if aF � x � bF
1 if x > bF

; (21)

19



the core of uF can be computed simply by solving for the unique value of
x 2 [aF ; bF ] that solves the equation F (x) = 1

2 , i.e. by solving the equation

q(t) = t2 + �at(1� t)�
1

2
� 1
2
(�a + �b � 2)t(1� t) = 0

for the unique root tF 2]0; 1[ (observe that q(0) = � 1
2 and q(1) =

1
2 and q(t) is

quadratic), then the core of uF is obtained as cF = aF + tF (bF � aF ).
Some examples for di¤erent values of �a; �b are given in �gure 8, where

aF = 1, bF = 5, cF = dF (the core is a singleton) and �a, �b are generated
between 0 and 5.
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Fig. 8: Randomly generated F 2 Fc(R) and corresponding fuzzy numbers uF

A �nal interesting case with �a = �b = � is in �gure 9. Again, aF = 1,
bF = 5, and � is generated randomly between 0 and 2.
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Fig. 9 : Randomly generated F 2 Fc(R) and corresponding core-symmetric uF

It is immediate to see that in the last case (if �a = �b in (21)) the associated
fuzzy number is symmetric with respect to the core cF = aF+bF

2 .

5 Conclusions and further research

We introduce the ACF-representation of fuzzy intervals, its parametric form
and its properties; the ACF is based on some concepts shared with possibility
theory.
We prove that the ACF can be uniquely de�ned for any fuzzy interval, we

establish a relationship between ACF and quantile functions with a possibly
statistical interpretation.
Further research involves some theoretical aspects about several topics:

� arithmetic operations: using an approach similar to probabilistic arith-
metic, which is based on convolutions with density functions (as in [32]
and [26], [20]), we will try to express fuzzy arithmetic in terms of AC func-
tions, as we have done for scalar multiplication and addition in subsection
2.1. This approach has been extensively addressed by developing a very
e¢ cient software like the packages "distr" and "distrEx" in R language
([23]);

� membership estimation through observations (see for example [15] and
[7]);

� possible metrics on ACFs that focuse on useful topological structures (see
for example [31] and [35]);
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� ACF approximation through F-transform: the ACF-representation based
on monotonic functions eases the search of approximation methods and
algorithms (as in [3] and [4]);

� relationship between the probability distributions and membership func-
tions ([30]).

Acknowledgments
The authors would like to thank the editors and the anonymous reviewers

for their insightful and constructive comments and suggestions that have led to
this improved version of the paper.

References

[1] C. Baudrit, D. Dubois, Practical representations of incomplete probabilistic
knowledge, Computational Statistics & Data Analysis, 51 (2006) 86-108.

[2] C. Carlsson, R. Fullér, Possibility for Decision: A Possibilistic Approach
to Real Life Decisions, Studies in Fuzziness and Soft Computing, Volume
270, Springer, 2011.

[3] L. Coroianu, L. Stefanini, General approximation of fuzzy numbers by F-
transform, Fuzzy Sets and Systems, 288 (2016) 46-74..

[4] L. Coroianu, L. Stefanini, A note on fuzzy-transform approximation of fuzzy
numbers, Proceedings of the 2015 Annual Meeting of NAFIPS, Redmond
(WA), August 17-19, (2015) 405-410.

[5] I. Couso, L. Sánchez, Inner and outer fuzzy approximations of con�dence
intervals, Fuzzy Sets and Systems, 184 (2011) 68-83.

[6] I. Couso, L. Sánchez, Upper and lower probabilities induced by a fuzzy
random variable, Fuzzy Sets and Systems, 165 (2011) 1-23.

[7] L. De Campos, J. Huete, Measurement of possibility distributions, Inter-
national Journal of General Systems, 30, 3 (2001) 309-346.

[8] G. De Rossi, A. Harvey, Quantiles, expectiles and splines, Journal of Econo-
metrics, 152 (2009) 179-185.

[9] D. Dubois, Possibility theory and statistical reasoning, Computational Sta-
tistics & Data Analysis, 51 (2006) 47-69.

[10] D. Dubois, H. Prade, Fuzzy Sets and Systems: Theory and Applications.
Academic Press, New York, 1980

[11] D. Dubois, H. Prade, Possibility Theory: An Approach to Computerized
Processing of Uncertainty, Plenum Press, New York (1988).

22



[12] D. Dubois, H. Prade, Fuzzy sets in approximate reasoning, Part 1: Inference
with possibility distributions, Fuzzy Sets and Systems, 100-1 (1999) 73-132.

[13] D. Dubois, H. Prade, Qualitative possibility functions and integrals, chap-
ter 36 in Handbook of Measure Theory (2002).

[14] D. Dubois, H. Prade, Possibility Theory and its Applications: where do we
stand?, chapter A/3 in Handbook of Computational Intelligence (2015).

[15] D. Dubois, H. Prade, Practical methods for constructing possibility distri-
butions, International Journal of Intelligent Systems, 31 (2016) 215-239.

[16] D. Dubois, E. Kerre, R. Mesiar, H. Prade, Fuzzy Interval Analysis, chapter
10 in D. Dubois, H. Prade (Eds), Fundamentals of Fuzzy sets, Kluwer, 2000,
pp 483-581.

[17] D. Dubois, Possibility theory and statistical reasoning, Computational Sta-
tistics & Data Analysis, 51 (2006) 47-69.

[18] R. Durrett, Probability: Theory and Examples, IV edition, Cambridge Uni-
versity Press, 2010.

[19] C. Feng, H. Wang, X.M. Tu, J. Kowalski, A note on generalized inverses of
distribution functions and quantile transformation, Applied Mathematics,
3 (2012) 2098-2100.

[20] S. Jaroszewicz, M. Korzen, Arithmetic operations on independent ran-
dom variables: A numerical approach, SIAM J. Sci. Comput., 34-3 (2012)
A1241-A1265.

[21] E.P. Klement, R. Mesiar, E. Pap, Quasi- and pseudo inverses of monotone
functions, and the construction of t-norms, Fuzzy Sets and Systems, 104
(1999) 3-13.

[22] G.J. Klir, On fuzzy-set interpretation of possibility theory, Fuzzy Sets and
Systems, 108 (1999) 263-273.

[23] M. Kohl, P. Ruckdeschel, How to generate new distributions in packages
"distr", "distrEx", http://distr.r-forge.r-project.org/, 2016.

[24] R.W. Koenker, G.W. Bassett, Regression Quantiles, Econometrica, 46
(1978) 33-50.

[25] R.W. Koenker, Quantile Regression,. Cambridge, UK: Cambridge Univer-
sity Press, 2005.
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