ISSN 1974-4110 (on line edition)
ISSN 1594-7645 (print edition)

Université
degli Studi di Urbino
“Carle Bo"

Facolta
di Economia

W econ. uniurk.it

WP-EMS
Working Papers Series in
Economics, Mathematics and Statistics

“On Possibilistic Representations of Fuzzy
Intervals”

¢ Luciano Stefanini (Department of Economics, Society and Politics, University
of Urbino)

e Maria Letizia Guerra(Department of Mathematics, University of Bologna,
Italy)

WP-EMS # 2016/02




On Possibilistic Representations
of Fuzzy Intervals

Luciano Stefanini* Maria Letizia Guerraf

Abstract

It is well known that a fuzzy interval has two equivalent representations
given in terms of the so called Left and Right sides of the membership
function (LR-representation) or in terms of the Lower and Upper branches
defining the endpoints of the a-cuts (LU-representation).

In this paper we suggest an additional representation of fuzzy intervals
called ACF-representation (using an average cumulative function instead
of the membership function), based on possibility theory.

We illustrate how to build the new representation and we state its basic
properties. The main result is that the Average Cumulative (AC) function
can be uniquely defined for any fuzzy interval and it is possible to go from
one representation to the others through appropriate transformations.

An interesting link can be established between ACF-representation
and quantile functions, with a possible statistical interpretation useful in
real application.

We also recommend a parametric form of the AC function.

KEYWORDS: possibility distribution, parametric representations, fuzzy
intervals, quantiles, average cumulative function.

1 Introduction

Representation of fuzzy intervals may take advantage of some key concepts
emerging from possibility theory. Possibility theory has been widely studied; in
particular, for a given normal, upper-semicontinuous and quasi-concave mem-
bership function two dual functions, called the possibility and the necessity
measures have been introduced by Dubois and Prade in [10] and [11]. The
relationship between membership functions and possibility distributions was
primary introduced by Zadeh ([38]) in order to provide a graded semantics to
natural language statements. Many other aspects have been focused by Dubois
and Prade in [12] (see also the recent paper [14]) for normal fuzzy sets; Klir in
[22] generalizes the standard fuzzy-set interpretation to non normal fuzzy sets
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too. Furthermore, Dubois in [9] shows that many notions in statistics are well
interpreted by the numerical possibility theory and Baudrit and Dubois (de-
tails in [1]) analyze the existing relations between possibility theory, imprecise
probability and belief functions. More recently, Couso and Sanchez in [5] and
[6] rephrase the possibilistic interpretation of fuzzy sets to define fuzzy random
variables and confidence interval for fuzzy approximations.

In this paper we present a new representation of fuzzy intervals (called ACF-
representation) based on possibility theory: associated to the membership func-
tion, we define an Average Cumulative Function (ACF), which is monotonic
with values in [0, 1]. We illustrate how to build the representation and we ana-
lyze its basic properties. The ACF can be uniquely defined for any fuzzy interval
and we show that the a—cuts of a fuzzy interval u can be directly obtained from
the ACF.

A relevant aspect motivating the use of the ACF representation stays in the
fact that it can be successfully adopted to determine the membership function
from experimental data. An interesting link is indeed established between AC
function and quantile functions with a possibly statistical interpretation useful
in real applications.

The interest for the ACF-representation is that a biunivocal relationship
can be established between the set of ACFs and the membership functions of
fuzzy intervals. In the specific case of continuous membership function, the
ACF is continuous too (and monotonic) and it has the same properties of a
statistical cumulative function. We will shortly discuss about parametric ACF
functions, based on monotonic spline functions, in order to obtain families of
"basic" functions to work with for computations and applications.

As well known, any fuzzy interval has two equivalent representations given
in terms of the so called Left and Right side of the membership function (LR-
representation introduced by Dubois Prade) or in terms of Lower and Upper
branches defining the endpoints of the a-cuts (LU-representation introduced by
Voxman and Goetschel). We will analyze the basic relationship between ACF
and LU representations, so obtaining a strict connection between all three LR,
LU and ACF representations; it is then possible to go from one representation
to the other two, through appropriate transformations. The representations
above can be related to the horizontal membership functions introduced in [29]
and [28]; we will not consider it here, as in general it is obtained by a convex
combination of the a—cuts in the LU-representation.

The paper is organized in five sections; in section 2 we define the ACF, its
basic properties and its relation with the LU-representation i.e. the a—cuts. In
section 3 we show the connection between the ACF and the quantile functions
and in section 4 the parametric representation of ACF is detailed with examples.
The fifth section ends the paper with some ideas for future research.



2 Average Cumulative functions associated to a
fuzzy interval

We consider real fuzzy intervals u with compact support [a,b] and compact
nonempty core [¢,d] C [a,b] where a < ¢ < d < b € R; they are defined in
terms of a quasi-concave, upper-semicontinuous function v : R — [0, 1] such
that [a,b] = el ({z|u(xz) > 0}) is the support and [¢,d] = {z|u(z) = 1} is the
core (here, cl (A) is the closure of set A). The space of fuzzy intervals will be
denoted by Rg.

The membership function of u € Rz can be represented in the form

0 if T < a,
ul(z) if a<z<e,
u(z) = 1 if e<a<d, (1)
uft(z) if d<az<b,
0 it x>0

where u” : [a, ] — [0, 1] is a nondecreasing right-continuous function, u”(z) >

0 for = €]a, c], called the left side of the fuzzy interval and uf : [d,b] — [0, 1]
is a nonincreasing left-continuous function, u®(z) > 0 for = € [d, b], called the
right side of the fuzzy interval. If ¢ = d then w is called a fuzzy number and {c}
is the core or u.

We extend the two functions u”(x) and u®(z) to the real domain by setting

0 if oz <a,
uby (@) =4 ul(z) if a<z<e
1 if x> c,

1 if x <d,
ull (v) =< wf(z) if d<ax<b,
0 if T > b.

Following Dubois-Kerre-Mesiar-Prade (see, e.g., [16], [17]), a fuzzy interval
u € Rx can be viewed as a possibility distribution on the real numbers and there
exists a pair of cumulative distribution functions (CDF), called the lower CDF
and the upper CDF of u, respectively, based on the extended left side function
ul ,(z) and the extended right side function uf,(x). As described in [16], a
fuzzy interval uw with membership (1) can be equivalently characterized by the
pair (Posy, Nec,) of cumulative distribution functions Pos, : R — [0, 1] and
Nec, : R — [0, 1] given by

Pos,(z) = sup{u(t)|t<z}=ul,(z)

ext
Necy(z) = 1—sup{u(t)|t>z}=1- ltlfgrcl ull (1.
By construction, the two distribution functions Pos, and Nec, are nonde-
creasing and cadlag (French "continue a droite, limite a gauche", right contin-
uous with left limits) at all points of their domain R.



For interpretations of Pos, and Nec, see the extended literature on possi-
bility theory, started with [38], [11], [17]; see also the recent book [2] and the
references therein.

In this paper, instead of the pair (Pos,, Nec, ), we consider a modified pair
of functions where the second component is substituted by

0 if r <d,
FRa)=1-ull ()= 1—ufi(z) if d<z<b, ;
1 if x > b.

we call FF the quasi-necessity function of u. For uniformity of notation, we also
denote
L L
Fu ('T) = uezt(m)'

Remark that, for continuous membership functions, we always have hfn ull,(t) =
tlx

ul?,(x) and FE(z) = Nec,(z).
Any weighted average (convex combination) of the two functions F' and

FI can be used to represent a fuzzy interval.

Definition 1 For a fized value of A € [0, 1], the A-Average Cumulative function
(A\-ACF) of u is defined to be the following convex combination of FL' and FE,
for all x € R,

FMV(@) = (1=NF(z) + A F(x)
0 if x<a
(1-=Nul(z) if a<z<ec
— 1—) if e<z<d
- uf(z) if d<x<b
1 if x>0

1
For the value A = 1 we denote FQE"‘)(:E) simply by F,(x).

Remark 2 In the continuous case, i.e. when the membership function of u is
continuous, we have

F (@) (1= Nugp () + X (1 = ully(2))

(1 = X)Pos,, () + ANec, (z) .

As a consequence, for continuous u, each function FM = (1 - NEE+ \FE is
nondecreasing and cadlag for all X € [0,1]; it can be considered as a cumulative

distribution function, as indeed lim_ FQE)\)(.'E) =0 and 1112 Fy‘)(x) =1;
its generalized inverse, defined by (Fqg’\))_l(t) = inf{z € R\EE)‘)(@") >t} =

sup{z € R\Fé/\) (x) < t} is also called, in the statistical literature, the quantile
function of Fé/\).



Remark 3 The average of the possibility and necessity functions %Posu (z) +
$Necy, (z) is called "credibility distribution” by Liu (see [27]); it coincides with
F,, when u is a continuous fuzzy interval.

In Figure 1 we represent an LR fuzzy interval u and the corresponding

functions £\ for some values of A € [0,1].
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Figure 1. A fuzzy interval u (top,left) and — u (top,right) and the corresponding
A-ACFs, for A € {0.3,0.5,0.8}.

Proposition 4 The \-ACF has the following translation property: for a given
fuzzy interval u € Ry and a number p € R, the translated fuzzy interval v =
u + p, with membership function v(x) = u(x — p), is such that

FO () = (1—Mvh, (@) + Ml () (2)
= (1= Nuby(z —p) + Ml (x — p)
= FM(z—-p).

It is interesting to remark a connection between the \-ACF of u and of the
opposite fuzzy interval —u; recall that, from the extension principle, the fuzzy
number —u can be defined by the following membership function

(—u)(x) := u(—x), for all z € R.

We can also write (—u)(—x) := u(x), i.e., the membership value (—u)(—z) of
—z € R, with respect to the fuzzy interval (—u), is the same as the membership
value of = with respect to u.

We have the following property, relating the A-ACF of u and the (1—)\)-ACF
of —u.



Lemma 5 Let u € Ry and let —u € Ry be its opposite interval; then, the
following equality holds true for all X € [0,1]

FWN (—z) + FS;)‘)(;E) =1, forallz € R
(1-x) .
where F~, ™ is the (1 — X\)-ACF of —u.

Proof. Let [a,b] be the support of u and [c,d] its core, with a < ¢ < d < b,
so that the support and the core of —u are, respectively, [—-b, —a] and [—d, —¢],
with —b < —d < —¢ < —a < 0. The membership function of —u is given by

0 if T < —b,

uft(—z) if —-b<ax< —d,
(—u)(z) = 1 if —d<az<—c,
ul(—z) if —c<x<—a,

0 if T > —a

so that the extended functions of —u are
(—u)bi(@) = ull (—x) (3)

(—u)eet(2) = ugp(—2) (4)
It follows that the two functions FL, (z) = (—u)l,(x) = vl (—2) F&, (z) =

exrt ext
1—(—uw)l,(z) =1—ul,,(—x) are, respectively, nondecreasing, right continuous
and nonincreasing, left continuous.

Then, from F,Y (2) = A(—u)Z, () + (1= ) (1 — (—u)E,(t)) with (3)-(4) and

Fig)\)(*ﬂf) = (1 - NEE(—2) + AEE(—2) we obtain
FO () + FO V(@) = (1N FE(—2) + AFF(~2)
+AFE, (- >+< - R()
= (1 - )‘) ea:t m) (1 e:vt ))
+)‘uegms( + ( )‘) (1 6mt )
= A (1-)N)=1

Remark 6 From Lemma 5 we immediately deduce the following formula for
the \-ACF of —u:

FXM (@) =1- F"N(=g), for all z € R.

The proved Lemma 5 can now be used to prove our main result, Theorem
7 below: it shows that the a-cuts of any fuzzy interval can be obtained by



inverting the A-ACFs of u and —u for any value of A €]0,1[. After its proof, it
will be also immediate to see that the \-ACF's corresponding to the values A = 0
or A = 1 are not able to reproduce completely the a-cuts [u;,ul], as in fact
F{” and FSIJ loose information on uf, while F{" and FE(L) loose information
on uk.

Before the setting of Theorem 7, we need to point out some facts. As we
have seen above, the two functions qu‘) and FS;)‘) do not have, in general,

the properties of a cumulative distribution function (indeed, F,S)‘)

[a,b] only if uf* is continuous and FEIJA) is cadlag on [—b, —a] only if ul is
continuous). But it is immediate to verify that, for any value of A €]0, 1], the
function " is cadlag on [a,d] and the function FSJA) is cadlag on [—b, —¢]:
at least partially in their domains, they have the properties of a cumulative
distribution function.

For a given nondecreasing function F : [a,b] — [0, 1], the generalized inverse
(also called the quantile function of F in probability theory, see, e.g. [18], when
F is cadlag) is defined to be the function F~1 :]0, 1[— [a, b] such that

is cadlag on

F~Y(a) = inf{z|F(z) > o} for all a €]0,1]. (5)

Remark that an equivalent definition of (5) for a function F' € F(R), called
in [21] the pseudo-inverse F'(7) : [0,1] — R of F is defined by

B a if {z|F(z) < a}is empt
F)(a) = { Sfp{x|p($) <a) otherwise. o (©)

Several properties of the pseudo inverse of a nondecreasing function are
analyzed in [21]. The equivalence between the two definitions in (5) and (6)
can be deduced from Theorem 1 in [19], observing that in its proof F' is only
required to be nondecreasing.

Clearly, F~! is not the ordinary inverse, unless F itself in strictly increasing
from 0 to 1. The following well-known properties of F~1 (see [18]) have a role
in a possibly statistical interpretation of the next Theorem 7:

1) F~!is nondecreasing, left continuous and has right limits lhi%F_l(p—i_

h) = inf{a| F(x) > p};

2) F~Y(F(z)) <z for all z € [a,b] with 0 < F(z) < 1;

3)  F(F~'(p)) >pforall p €0,1] and for real z it is F~!(p) < z if and
only if p < F(x);

4) (see [18]) if w is a random variable with uniform distribution on [0, 1]
and we consider the quantile transformation ¢ = F~!(w), then the random
variable £ has exactly cumulative distribution function F'.

The main theorem below shows that the (partial) cadlag property 1) is any-
how sufficient to determine all the relevant a-cuts [u, ul] of u, i.e., for a €]0, 1].
Recall that the fuzzy interval —u has a-cuts given by [—ul, —u_], so that, in
particular, ul = —(—u);.



Theorem 7 Letu € Rx and let Fy, FS;)‘) be the A-ACF of u and the (1—X)-
ACF of —u, respectively, for any given value \ €]0,1[. For all o €]0,1], the
a-cut [uy,ul] of u is given by

wo = inf {:z: € la,J|FV(2) > (1 - A)a} (7)
= (FL) (-0
ut = —(—u)s = —inf {:17 € [-b, —d)|[FL Y (z) > )\a} ®)

= (FOL) 0w

TR FU=Y ! o .
where (Fu |*> and < |« ) are the generalized inverses of the restric-

tions of FY and Fﬁlu_)‘) to the subintervals [a,c] and [—b, —d], respectively (or
more generally to | — 0o, c| and] — 00, —d]).

In the particular case of A = , we obtain, denoting F,, = Fé%) and F_,, = Ei),
- ay —1 g
us = mf{:c\F (z) > 2} (F) (2)
+ > g — -1 g
Uy inf {x|F,u(m) > 2} (F_u) (2> .

Proof. Let a € ]0, 1] be fixed. Observe first that Fqﬁ/\)(m) =1-Xforallz € [c,d]
so that inf{x\Fé/\) () > (1= MNa} <cand —inf{x|F£1;)‘) () > 1= Ao} < —d
With reference to (7) we can consider only z < ¢; then inequality F&A)(aﬁ) >
(1 — N)a means (1 — Nul (z) > (1 - Na, ie., ul (z) > aif z €a, J; it follows
that inf{x|Fy‘ (r) > (1 — N)a} = inf{z|u(z) > a} = u;. Analogously, with
reference to (8), we can consider only x < —d, so that inequality F(1 ’\)( ) >
A, using Lemma 5, means \uft(—x) > Aa, ie., uff(—z) > «; it follows that

—inf {a:|F£1u_/\)(x) > )\a} = sup{— z|F (= /\)( ) > Aa} = sup{y|uf(y) > a} =
ul. m

Remark 8 A consequence is that, if F,(x) is continuous and strictly increasing,
ug, is such that F,(uy) = § and u} is such that F,(u}) = 1= furthermore, if
u has {c} as the core and considering a« = 1, we obtain ¢ = 1nf{x|F () >3} =
sup{z|F,(z) < 1} ie. ¢ = {a|F,(z) = 2} The core value ¢ (assumed to be
unique) has the same property as the median of F,(x), when we consider F,
itself as a probability (statistical) distribution function.

Consider any nondecreasing function F' : R — [0, 1] satisfying the proper-
ties below, given any fixed value A € |0, 1[:

1) ap = sup{z|F(z) = 0} € R, bp = inf{z|F(z) = 1} € R (clearly
ar < br);

2) cp = inf{z|F(x) > 1—-A} € R, dp = sup{z|F(z) <1-A} R
(clearly cp < dp);



3) ap < ¢p < dp < bp and F is right-continuous on [ap,cr[, left-
continuous on |dp,br] and F(z) =1 — A for all z € [cp,dF].

Then there exists a unique fuzzy interval up € Rz with A-ACF, for A €]0,1]
given by F. Indeed, the membership function of up is given by (compare with
Definition 1.)

0 if r<ag,
ﬁF(w) if ap <z <cp,
up(z) = 1 if cp<az<dp, , 9)
%(171‘7(37)) if dp<$§bp,
0 if z>bp

and, from the assumptions 1), 2) and 3) on F', up is a fuzzy interval (the proof
is immediate by directly verifying that up € Rg).

We will denote by Fy(R) the family of all functions F': R — [0, 1] with the
properties 1)-2)-3).

We have immediately that, for any fixed A € ]0, 1] there exists a bijection
between the set of fuzzy intervals, Rz, and the family of nondecreasing functions
F)\ (R)

oy : Ry — F(R), ¢5(u) = FV (10)
oyt i FA(R) — Ryr, ¢y (F) = up. (11)

By construction, it is obvious that ¢ ' (¢, (u)) = u for all u € Rz, and that
</>)\(¢;1(F)) = F for all FF € Fy(R). We summarize the above result by the
following proposition:

Proposition 9 For any u € Rz, its A-AC function given by definition 1 satis-
fies properties 1),2),3) and, viceversa, for any F satisfying 1),2),3) there exists
a unique element up € Rg, given by (9), having F' as its A\-AC function.

In the particular case of A = %7 the family Fy(R) will be simply denoted
by F(R) and the bijection ¢, will be denoted by ¢; the 3—AC function of
u € Ry is a nondecreasing function F, : R — [0,1] such that F,(z) = Jul(z)
on [a,c, Fy(z) = 1 — 2uf(z) on ]d,b] and F,(z) = L on the core [c,d] of u.
Viceversa, if F' € F(R) is given, the membership function of the corresponding
fuzzy number upr € Rz has left and right branches given by u”(x) = 2F(z) and
ufi(z) =2 - 2F ()

If u € Ry is continuous, then F, € F(R) is also continuous; viceversa, if
F € F(R) is continuous, then also up € Ry is continuous. So, the bijection
¢ : Rf — F(R) transforms continuous fuzzy intervals into continuous -AC
functions and the bijection ¢~ ' : F(R) — R transforms continuous F € F(R)
into continuous ur € R£.

2.1 Arithmetic operations with ACF

It is interesting to express fuzzy arithmetic operations in terms of %—AC func-
tion. If ® is any binary operation defined on the space Rz, there exists a



corresponding operation ®' on the space F(R), such that, in terms of bijections
é (10) and ¢~ * (11) it is

F,® F,=¢(u®v),andu®@v=¢ *(F,® F,). (12)
We show how the relations in (12) work for linear shaped trapezoidal fuzzy
numbers such as v = (a, ¢,d,b) and v = (a’,,d’, V). We know that

(Aa, Ae, Ad, Aby if A >0
AU =

(13)
(Ab, Ad, A, da) if A <O

and

ut+v=(a+a,c+c,d+d,b+V). (14)
Corresponding to the left and right branches of the membership functions,
the ACF of u is F, () = 12=¢ 1b-z
similarly for v).

5=+ on [a,c[, I, (x) — 57— on |d,b] (and
Then

1N a+2a(c—a) if
Fu (0‘)_{ d—2(3-a)(b-d) if
(similarly for F 1(a)).

For the scalar multiplication, when « € [0, 1], it holds

Fy, (@) = AF, (a)
and we conclude, according to (13), that

Fl @) = AR o) = { Aa + 20 (¢ — a)

if 0<a<?i
S>3
u M—=2X(3—a)(b—d) if J<a<l’ (16)
if A >0, or
iy a1y A=2X(E—a)(d—b) if 0<a<i
Fr(e) = AF, (a)—{ Aa +2a)(c —a) if L<a<l’ (17)
if A <0.
For the addition we have, according to (14):
Fly() F o) + Fy (o) =
a+ad +2a(c+d —a—a) if 0<a<i
d+d —2(3—a)(b+V —d—d) if t<a<l1

10



3 Average Cumulative function as a quantile func-
tion

In the rest of the paper, we consider the A-ACF functions only for A = % and we
denote the corresponding 1-ACF of fuzzy intervals u and —u by F,(z), F_,(z),
respectively.

For a real random variable £ with cumulative distribution function Fg, a
quantile of order p €]0,1[ (or corresponding to the probability p) is a real value
x where F¢ crosses or jumps over p.

Definition 10 A quantile of order p €]0,1] for a cumulative distribution func-
tion Fe (or for the associated random variable £) is a real value K, such that

lim Fe(xz) <p and Fe(kp) > p.
TTKp
According to Theorem 7 and following the extended literature on statistical
quantiles it is immediate to deduce the following proposition.

Proposition 11 Let u € Ry with %-ACF F.(z), x € R; then for all « €]0,1],

the a-cuts [uy ,ul] of u are such that uy is the §-quantile of F,(x) and —uf

a? (03
is the §-quantile of F_,(x).

The proposition above is useful to estimate the level cuts (and the member-
ship function) of a normal fuzzy number or interval u € R.

Remark that F,(c) = . If F,(x) is continuous and strictly increasing, ug
is such that Fy(u,) = § and u/f is such that F,(ul) = 1 — §; furthermore,
considering a = 1, we obtain ¢ = inf{z|F,(z) > 1} = sup{z|F,(z) < 3} ie.
c={z|F,(z) =3}.

Let us consider the case when the membership function is given at a finite
number of points, i.e. suppose that the fuzzy number u € Rx is "measured" at
N observations (z;, u(x;)).

We can assume that a = min{x;|u(x;) > 0} and b = max{z;|u(z;) > 0},
corresponding to the values x; with u(x;) > 0.

For a value of a €]0, 1], the (empirical) §-quantile and (1 — §)-quantile are
obtained by minimizing (see [24], [25] and [37]) the two (empirical) functionals

_ a, XN a XN
Sam) = (1= % m-2)+ 2 T (@-m)
i=1 =1
x;<m xr;>m
" a N a, N
Sim) = § % (m-a)+1-3) ¥ (m—m),
wi<m zi>m
The obtained values
m,(N) = argminS, (m) (18)
mI(N) = argminSJ(m) (19)

11



are an estimate [m_ (N),mT(N)] of the a-cut [u,,u}] of u and are obtained
without computing directly the (empirical) AC function from the data.

The Glivenko Cantelli theorem can be applied to analyze the convergence of
m,, (N) and mt (N) to the a—cut [u,,u}].

Consider a decomposition Py={z; < za... <an} of the support [ap,br]

and define the corresponding empirical AC function as:

1N
F]pN NZ (x > ;)

where
1 if x>
I(x>x)=
0 if z<uzy;

Theorem 12 (Glivenko-Cantelli, chapter 2 in [36]) For a given Fp, the fol-
lowing holds:

sup | Py (2) = F (2)] “5 0
z€lar,br]
where the limit is obtained as the mesh length |Py| tends to zero.

For a given empirical AC function Fp, the values m, (N) and mt (N) are
called the plug-in non parametric estimators of u,, and u} respectively (as in
[36]). R

The Glivenko-Cantelli theorem ensures that Fp, converges to F' almost
surely and this suggests that the intervals [m (N),mt(N)] will converge to
[u,,ul] as N — oo.

Remark 13 In several statistical software procedures, the quantiles of the em-
pirical distribution of observations x;, i = 1,..., N, are frequently computed by
sorting the data in ascending order, taking the sorted values x ;) as the quan-
tiles corresponding to probability p; = 251_\,1, i1 =1,,...,N and using linear in-
terpolation for quantiles corresponding to intermediate probabilities. A similar
algorithm is not exact; this is why we adomp (18) and (19). An example is the
following with N =8, x1 =2, 290 =4, x3 =5, x4 =6, 25 =8, x4 = 9, x7 = 11,
xg = 13; the empirical fuzzy interval has (piecewise constant) membership func-
tion given by

if r<2orxz>13

if x€l2,4] orx €]11,13]
if x€[4,5] orx €9, 11]
if x€][5,6] orz€]8,9

if € [6,8] (the core)

u(x) =

= s = O

In order to evaluate the applicability of equations (18) and (19) to approxi-
mate the alfa cuts of a fuzzy number we show a series of five experiments.
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We consider the fuzzy number u € Rz having a-cuts

[ug,ul] = [10a?,12 — 2a'5), a € [0, 1].
The core of u is ¢ = 10 and the support is [0, 12]. Observations from u can be
generated by sampling u,, and u at n values «;, i = 1, ..., n, uniformly between
0 and 1, for different values of n (so than a total of N = 2n data are obtained).
Furthermore, to verify robustness, we apply (18),(19) to randomly generated
fuzzy numbers u¥), k = 1, ..., K by perturbing the core and/or the support of
u, for a given number K of replications.

In each experiment, for a fixed n € {11,21,51,101}, K = 100 random sam-
ples [(u™);, (u®)]] are generated (i = 1,...,n, k = 1,..., K) and (18-19) are

(’f)+]

applied for each k to obtain L = 41 estimated level-cuts [ﬂ(;)_,ﬂﬂ of u,

) K J
with 3; = % (j = 1,...,L); finally, the averages (u); = %Zk_l ﬁgﬁ)f and

K
(ﬁ)g = % E - ﬂgﬁ” are compared with the exact a-cuts of u, uy = 105?'5,
J = J J
ug =12 — Qﬂ}ﬁ. The percentage average absolute error (being ug > 0, the
J J

denominator is set to 1 +u, to avoid possible division by zero)
J

)

In all figures that report the results, the top subplot shows the K = 100 repli-

3, ~

+
1—|—u5]_

@3, ~ w,
1—|—qu

L
100
AERR = 5T Z (

j=1

cations of the sampled observation points ((u(’“));, agk)) and ((u(k))j, agk)>,
for i = 1,...,mn and for the selected n (i.e. the membership functions of each

u®)). The bottom-left subplot reproduces the analogous points ((a<k>);, 6;“)
and ((ﬂ(k))j', ng)), i.e. the K membership functions of the fuzzy numbers ob-
tained by (18-19). Finally, the bottom-right subplot reproduces the estimated
membership functions (black crosses) and the original membership correspond-
ing to the 3,-cuts, j = 1,..., L (blue circles).

In the first experiment, the samples [(u*));, (u®)}] are obtained from u
simply for different selections of the "observed" levels agk), 1 =1,...,n, randomly
generated from a uniform distribution between 0 and 1, and replicated K times.

13



In figure 2, the case with n = 21 is pictured.

0.8 08

0.6 0.6

0.2F b == 0.2

Fig. 2. First experiment, n = 21.

In table 1, the AERR is given for the different values of n; we see that it
decreases quickly as the number of the observed levels increases from n = 11 to
n = 101.

Table 1: AERR for different values on n in first experiment.

n 11 21 51 101
AERR 4.33% 2.26% 0.90% 0.36%

In the next four experiments, the original fuzzy number u is perturbed such
that

1. the core is not the constant ¢ = 10, but ¢*) = ¢ + &k Where each & is
a normal variable with distribution N(0,c.) (mean 0 and variance o2);

2. the left value of the support is not the constant a = 0, but a*) = Saks
where each &, ; is a normal variable randomly generate from a distribution
N(0,0,) (mean 0 and variance o2 );

3. the right value of the support is not the constant b = 12, but b*) =
12+ &, 1, where each &, , is a normal variable with distribution N(0,0}) (mean
0 and variance o7).

As for the first experiment, we sample u,, and ul at n points «; generated
from uniform distribution on [0, 1] as follows: a3 = 0, a; = rand() and a, =1
(N = 2n and rand() is a uniform pseudo-random number generator); the data
are then computed with the same shape as for u but with the modified core ¢(*)
and support [a®), b*)] (provided that a(®) < c*) < b))

W) = a® 4 (P — a(k))a?ﬁ

K3

(wht = B — p*) — ¢(®))l5

?
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The second experiment uses o, = 1.0, o, = 0.0 and o, = 0.0, i.e. only the core
is perturbed. Consider that o, = 1.0 produces a relatively big perturbation
with respect to ¢ = 10.0. This appears in figure 3, where the case with n = 21
is pictured.

08

06—

04

02

08

06

04

02

Fig. 3. Second experiment, with . = 1.0, 0, = 0.0, g, = 0.0 and n = 21.

In table 2, the AERR for the second experiment is given for the different
values of n; also for this experiment the AERR rapidly decreases for n = 11 to
n = 101.

Table 2: AERR for different values on n in second experiment.

n 11 21 o1 101
AERR 4.38% 2.29% 0.90% 0.35%

The third experiment uses o, = 1.0, 0, = 0.5 and o, = 1.0, i.e. the core and
the support are both changed with relatively big perturbations. This appears
in figure 4, where the case with n = 21 is pictured, and in table 3, for different

15



values of n.

Fig. 4. Third experiment, with ¢, = 1.0, 0, = 0.5, 0, = 1.0 and n = 21.

Table 3: AERR for different values on n in third experiment.

n 11 21 51 101
AERR 4.81% 2.71% 1.26% 0.81% -

Finally, the last two experiments are obtained by progressively reducing the
perturbations of the core and the support; in the fourth case, we chose o, = 0.5,
0, = 0.25 and o, = 0.5, in the fifth case we chose 0. = 0.2, 0, = 0.1 and
op = 0.2. Tables 4 and 5 give the corresponding AERR for different n.

Fig. 5. Fourth experiment, with 0. = 0.5, 0, = 0.25, o, = 0.5 and n = 21.
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Table 4: AERR for different values on n in fourth experiment.

n 11 21 51 101
AERR 4.54% 2.42% 1.03% 0.46% -

0.8

0.6

0.4

0.2

08f 08

0.6 0.6

0.4f 0.4

02 = B 02

Fig. 6. Fifth experiment, with 0. = 0.2, 0, = 0.1, 0, = 0.2 and n = 21.

Table 5: AERR for different values on n in fifth experiment.

n 11 21 o1 101
AERR 4.41% 2.32% 094% 0.37% °

Resuming the results of the five experiments it follows that the AERR has
the same order of magnitude independently from the perturbations we apply
and this may be viewed as a good robustness property.

4 Parametric representation of ACF's

As in section 2, we consider fuzzy intervals u € Rz with membership function
u : R — [0, 1], with compact support [a,b] (where a = inf{z|u(z) > 0} and
b = sup{z|u(z) > 0}) and nonempty compact core [c,d], ¢ < d (where ¢ =
inf{z|u(z) =1} and d = sup{z|u(z) = 1}).

From the same section it comes to light that any v € Rr has tree parametric
representations:

» LR-parametric uy, g, with decompositions of the support for left and right
sides;
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» LU-parametric ury, with decompositions of [0, 1] for the lower and upper
branches;
» ACF-parametric uacp, i.e.,

uacr = {(z}, FF), (2]}, F/)|i=0,1,...,N.,j =0,1,..., Ng}

with decompositions of left and right subintervals for quasi-cadlag function F,.
Using appropriate transformations of the parameters we can obtain each one
from the other; for example from LR we can obtain ACF as in (77).

The distinctions between the various definitions of "inverse" functions for
F € F(R) as discussed at the end of section 2 again, are no more required if we
assume that F'is continuous, so that also ur € Rz is continuous.

In the rest of this paper, we assume that F' is continuous and we denote by
F.(R) the subfamily of continuous functions of F(R).

A general approximation for functions F' € F.(R) can be obtained by adopt-
ing parametric monotonic functions of the same type as suggested in [33] and
[34], e.g., the (2,2)-rational function p : [0,1] — [0, 1] defined, for fixed but
arbitrary 8,8, > 0, by

. _ t2 + Bot(1 —1t)
The basic properties of p are that, for all 8, 8; > 0, p(0; 84, 81) = 0, p(1; By, 81) =
1, its derivative is nonnegative (considering right derivative at ¢ = 0 and left
derivative at ¢t = 1) and p'(0; By, 81) = Bo, P’ (1; 89, 81) = B;. By changing the
values of S, 3; > 0, functions (20) generate an infinite number of monotonic
increasing functions.

The "shape" functions p(¢; 8y, ;) can be adopted to represent functions F' €
F.(R) "piecewise" on two decompositions of the intervals [ar,cr] and [dr, bp)
into Ny, subintervals ap = xg < sclL <. < xﬁL = cp and Np subintervals dp =

ot <ol < < xﬁR = br; at the extremal points of each subinterval I} =

[xiL_l,xZL] and I]R = [xf_l,xf] the values of F' are fixed to the nondecreasing

values F}*, i =0,1,..., Ny and Ff, j = 0,1,..., Ng with Fj' =0 < F} < F, =
3 (with FE ) < FFfor i = 2,.,Np — 1) and Ff' = 3 < FF' < F{  (with
FJ-R;l < FjR for j =2,...,Ng—1).

Finally, F' € F.(R), is constructed by choosing Ny, + Ng pairs of nonnegative
parameters (ﬁ(ﬁi,ﬁfi), (ﬂ&,ﬂﬁj) foralli = 1,..,Ny and j = 1,..., Ng (the

slopes of F at the extremes of each subinterval I* and I JR) and by setting

o
—-
=

r < ag
L
T—T;_1 , oL L : L L
(IiL,wiL_laﬁwaﬁl,i) if 27, <z<uz;
if Cp S x S dF

FR FR FR 32—26571 . R R if R < R
ot (B = F)p(Gr—ym s By, B1y) i 2ty <z <

1 if x> bp

Fial + (FzL _Filil)

S

F(z) =

N =

It is easy to check that the construction leads to functions F' € F.(R).
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For the case when Ny = Nir = 1, we have a simple construction where a

single standardized function p (t; ﬁg, BIL) is used to represent F on [ap, cr] and

another p (t; Bé{,ﬁf) to represent F' on [dp,bp]

0 if < ap
P(E=2: 85, BT) if ap <z<cp
F(z) = 3 if cp<az<dp
(L4 P80, 80)) i dp <o <br

1 if T > bp

This simple construction requires 8 parameters, i.e. the four values ap <
cr < dp < bp for the support and the core of the corresponding up and the
four nonnegative parameters (35, %) and (3L, B used to fix the slopes of F
at the points ap, cp and dp, bg, respectively.

Examples of functions F' and corresponding up for different pairs (Bé, Bh
and (ﬁé{,ﬂf) are pictured in figure 7, where ap = 1, bp = 5, cp = 240.5rand(),
drp =34 0.5rand() and the Os are generated between 0 and 2.

L L. R R_ L. L R R_ Lo ple R R
b}=055, bi=1.4, b51.3, b7=0.33 bg=1.9, by=0.68, bf{1.2, b}'=0.45 b}=1, bi=1.4, b718, b=1.9

1 — 1 — 1
05 — 05 o 05 —
~ / -
0 0 0=
1 2 3 4 5 1 2 3 4 5 1 2 3 4
03 ble Ry 7 R L 10 ble07 bR R_ Lo07 ble17 bR12 bRe
bl=03, =052, b}17, bY=0.51 bi=19, bl=07, b0.39, bY=0.5 bl=0.7, bl=17, bf12, bY=1.1
1 — 1 1
05 o 05 o 05 " -
- — -
0 o0& 0=
1 2 3 4 5 1 2 3 4 5 1 2 3 4
Lois ple1s bR R Lo11 bl=16 bR19. b= L L R R_
bi=15, b{=15, b}0.76, b=1.1 bl=1.1, b}=1.6, b}L9, b}=0.26 b5=0.024, b}=0.67, b0.32, b=1.6
1 1 —— 1
05 o 0.5 P 0.5 //— g
//// ,// o
0 0= 0
1 2 3 4 5 1 2 3 4 5 1 2 3 4
L Lo bR R o0 b R R_ Lo11 plep bR R
b}=0.33, bi=1.2, bf0.53, b{=13 b=0.9, by=0.17, bf0.46, bi=18 bl=1.1, bj=2, bf}0.16, b=0.89
1 - 1 1
05 — 05 o 05 —

Fig. 7: Randomly generated F € F.(R) and corresponding fuzzy intervals upg

In applications where we are interested to generate fuzzy numbers up with
a single-valued core, without specifying its value a-priori, we can model the
ACF by fixing the support [ap,br], ap < b, and the two end-slope parameters
By =B >0, B1 = B, > 0 so that

0 if T <ap
F(z) =3 p(4-2E:84,8,) if ap <z <bp ; (21)
1 if x> bp
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the core of up can be computed simply by solving for the unique value of
€ [ap,bp] that solves the equation F(x) = 3, i.e. by solving the equation

4(t) = £+ G101 = 1) = 5 = 3 (B + By~ 21— 1) =0

for the unique root ¢tp €]0, 1[ (observe that ¢(0) = —3 and ¢(1) = 1 and q(¢) is
quadratic), then the core of up is obtained as cp = ap + tp(bp — ap).

Some examples for different values of 3,5, are given in figure 8, where
ap = 1, bp = 5, cp = dp (the core is a singleton) and 3,, 5, are generated
between 0 and 5.

by=41,b,=45 b,=0.63 b, =4.6 By=32, b,=0.49 by=L4,b=27
1 , 1 1 — 1
y, -
0.5 — 05 - 0.5 0.5
0 0 0 0
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4
by=48,b,=48 b,=0.79 , b=4.9 by=4.8, b=2.4 by=4, b,=0.71
1 1 1 1
05 o 05 05 B 05
V- —
0 0 0 0
fl 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4
by=2.1,b,=4.6 by=4 . b=48 b,=3.3,b,=0.18 by=4.2,b=47
1 1 1 —— 1
05 ~ 05 - 05 05 —
- - /y,,«
oY 0 0 o
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4
b;=34,b,=38 by=3.7, b,=2 b,=3.3, b,=0.86 b,=35,b,=0.16
1 1 1 — 1
- _
> =
05 — 05 05 05
0 0 0 0
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4

Fig. 8: Randomly generated F' € F.(R) and corresponding fuzzy numbers up

A final interesting case with 5, = 5, = ( is in figure 9. Again, ar = 1,
bp =5, and [ is generated randomly between 0 and 2.
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b=0.55 b=0.092 b=0.19 b=1.6

1 1 — 1 — 1
T /// 7 7
05 g 05 05 P 05 /,,//
-
L e o~ /-
0 0 0
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
b=1.4 b=0.63 b=1.9 b=0.069
1 1 — 1 1 —
_— _— ~ ~
- e — /
0.5 - 0.5 05 - 05
_ - - %
_— // " .
- o= 0F [—
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
b=0.88 b=0.76 b=15 b=1.6
1 1 — 1 1 —
_— //' /,// -
-~ e ~ -
0.5 - 05 /’ 05 _— 05 _—
_— - — C
- // T / ~ //,/
0 0¥ 0
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
b=0.37 =0.98 b=0.89 b=13
1 — 1 — 1 — 1
— = > —
- _ _
- - P
05 - 05 — 05 - 05 -
g // — S
o o 0

Fig. 9 : Randomly generated F' € F.(R) and corresponding core-symmetric up

It is immediate to see that in the last case (if 5, = 5, in (21)) the associated
fuzzy number is symmetric with respect to the core cp = %

5 Conclusions and further research

We introduce the ACF-representation of fuzzy intervals, its parametric form
and its properties; the ACF is based on some concepts shared with possibility
theory.

We prove that the ACF can be uniquely defined for any fuzzy interval, we
establish a relationship between ACF and quantile functions with a possibly
statistical interpretation.

Further research involves some theoretical aspects about several topics:

e arithmetic operations: using an approach similar to probabilistic arith-
metic, which is based on convolutions with density functions (as in [32]
and [26], [20]), we will try to express fuzzy arithmetic in terms of AC func-
tions, as we have done for scalar multiplication and addition in subsection
2.1. This approach has been extensively addressed by developing a very
efficient software like the packages "distr" and "distrEx" in R language

([23]);

e membership estimation through observations (see for example [15] and
[7);

e possible metrics on ACFs that focuse on useful topological structures (see
for example [31] and [35]);
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for

e ACF approximation through F-transform: the ACF-representation based
on monotonic functions eases the search of approximation methods and
algorithms (as in [3] and [4]);

e relationship between the probability distributions and membership func-
tions ([30]).
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