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Quantile and expectile smoothing by
F-transform

Luciano Stefanini and Laerte Sorini* Maria Letizia Guerra!

Abstract

In this paper we illustrate the F-transform based on generalized fuzzy
partitions as a tool for quantile and expectile smoothing. This allows to
represent a time series in terms of a fuzzy-valued function whose level-
cuts are modeled by F-transform and estimated by quantile or expectile
regression. The proposed methodology is illustrated on several historical
financial time series in order to highlight its strong properties .

1 Introduction

We will consider only the one-dimensional case. Given a continuous function f :
[a,b] — R and given a finite family of fuzzy sets (in particular fuzzy numbers)
A ={A, Ay, ..., A, } forming a fuzzy partition of [a, b], the F-transform produces
a vector of real numbers F = (Fy, Fy, ..., F,) (called the direct F-transform) as
a transformation A —F of the given family of fuzzy numbers. Each F}, is
the minimizer of a weighted squared error (deviation) between the values f(x)
and Fj, on the k—th subinterval of [a,b]. The direct F-transform F is then used
to define the inverse F-transform function f : [a,b] — R and the main result
is that fis an approximating function of f on [a,b)].

The key elements of the F-transform are clearly (a) the form of the weighting
fuzzy numbers Ay and (b) how they are assembled to obtain the fuzzy partition
of the interval [a,b]. In this work, we suggest two generalizations related to (a)
and (b). With respect to point (a), we use a parameterized class of LR fuzzy
numbers (see [20], [21]) to represent each Ay and obtain parametric partitions
for the fuzzy transform; we will see that the proposed parameterized fuzzy
partitions allow the possibility of estimating the shapes of fuzzy numbers to
obtain a flexible F-transform with adaptability properties for approximation.
With respect to point (b), we generalize fuzzy partitions in such a way that
each weighting fuzzy number Ay "covers" a variable number of subintervals
(the bandwidth of the partition) in the given decomposition of [a, b].
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A preliminary version of the use of a parametric class of fuzzy numbers for
the F-transform has been suggested in [18]; the idea of a generalized fuzzy parti-
tion has been presented in [19]. In this paper, we will illustrate the F-transform
obtained on a generalized fuzzy partition and analyze its smoothing properties;
we will also show a general procedure to determine the optimal bandwidth by
the generalized cross validation (GCV) method or by controlling the total vari-
ation of the approximation (in particular, a finite taut-string variation). The
F-transform setting appears to be a valid nonparametric smoothing methodol-
ogy and its basic properties are similar, for example, to the well-known kernel
or spline regression techniques.

The paper is organized into 4 sections: after the introduction we recall in
section 2 the basic concepts about Fuzzy transform.

A preliminary version of the paper is in [6].

2 Basic elements about F-transform

We briefly recall the basic definitions and properties of the F-transform (see [10]
for details).

A fuzzy partition for a given real compact interval [a,b] is constructed by a
decomposition P = {a = z1 < 22 < ... < z,, = b} of [a,b] into n—1 subintervals
[k—1,zk], £ = 2,....,n and by a family A = {A1, Ao, ..., Ap} of n fuzzy numbers
(the basic functions) identified by the membership values Ay (z), Ax(z), ..., An(x)
for x € [a,b]; the required properties (to complete this notation, we set xy = a
and xn,+1 =b) are as follows:

1. each Ay : [a,b] — [0,1] is continuous with Ay(zr) = 1, Ag(x) = 0 for
T & [Th-1,Thy1];

2. for k = 2,3,...,n — 1, Ay is increasing on [xip_1,xr] and decreasing on
[Tk, Xrt1]; A1 is decreasing on [a,x2]; Ay is increasing on [T,—1,b);

3. for all x € [a,b] the following partition-of-unity condition holds

él Ap(z) = 1.

Notation: We denote a fuzzy partition by the pair (P, A). The basic functions
(fuzzy numbers) Aj, Ay, ..., A, of A can be defined by n — 1 increasing
functions Ls(x), ..., L, (x) as follows:

Ai(z) =1 — Lo(z) if z € [a, z2],

| Li(x) if x€[zp_1,xk]
Ar(z) = { 1k— Liyi(z) if ze€ [J:Z,x;HI;]
Ap(z) =Ly () if x € [25—1,8]

where Ly (zr—1) = 0 and Lg(zx) = 1.
On each subinterval Jxy_1, 2| of the decomposition P, only two basic
functions Ai_1(x) and Ag(z) are non zero for k =2,...,n.

fork=2..,n—-1, (1)



To simplify the notation, given the n points z; < z2 < ... < z,, of P, we
introduce the two additional points ¢ = 21 and z,11 = x,, and we write,
e.g., Ap(z) # 0 for all z in the open interval Jxg_1, zpy1[, £ = 1,2...,n.

Definition 2: (from [10]) Given a continuous function f : [a,b] — R and a
fuzzy partition (P, A) of [a,b], the direct fuzzy transform (F-transform) of
f with respect to (P, A) is the n-tuple of real numbers F = (Fy, Fy, ..., F,,)T
given by (notation (-)T means transposition)

[ | @A
F, = b _ w’f*;k“ , k=1,2,...,n (2)
JAw(z)dz | Ap(z)dz

Definition 3: (from [10]) Given the direct fuzzy transform (Fy, Fs, ..., F,)T of a
continuous function f : [a,b] — R on a fuzzy partition (P, A), the inverse
F-transform (iF-transform) is the continuous function fr [a,b] — R
given by

~ n

fr(z) = > FrAk(x) for x € [a,b]. (3)
k=1
Remark 1: Note, by fixing the & — th subinterval of the decomposition P, only
Ap(x) and Aj41(z) are nonzero for « € |xy, xp41[; more precisely, for each
k=1,..,n—1and i # k,k+ 1, we have that A;(z) = 0 for all z €
[Tk, Zg41]- Tt follows that

Fr(2) = FuAp(z) + Fra1Apia(z)  for o € [mg, 2ps1), k=1,..,n — 1

and, taking (1) into account,

Jo(x) = Fi+ L1 () (Frr — Fr)  for o € [ag, 2], k=1,..,n — 1.
(4)

The following approximation property ([10]) is one of the fundamentals of
the F-transform setting.

Theorem 1: ([10]) If f : [a,b] — R is a continuous function then, for any
positive real €, there exists a fuzzy partition (Pe,A.) such that the as-
sociated F-transform F. = (F175,F2,5,...,Fn575)T and the corresponding
iF-transform J?FE : [a,b] — R satisfy

f(z) — fps (x)| < e for all z € [a,b)].

To define a fuzzy partition (P, A), we can use a general decomposition P =
{a =21 <22 < ... <, = b} of [a,] into n — 1 subintervals [z, zx+1] and a
family A = {A, As, ..., Ay} of n fuzzy numbers on [a, b].



Denote hy =0, hy, =z — x—1, k = 2,...,n, hpy1 =0 and h = max{hg|k =
2,. n} if the decomposition P is unlform we have 2, = a + (k — 1)h, where

h=

n— 1
For a given continuous function f : [a,b] — R, denote also, for k =1,...,n
L,

My p(f) = max{|f(z) — f(t)| Vo € [z, T i1] and VE € [wp 1, 2p42]}-

T
Because Ay_1(x) + Ax(x) = 1 for & € 1,21, we have [ [Ax_1(z) +

Tk—1
Ag(x)]dz = hy. Denote
JAg(z)da k=1
b IZ+1
Iy = [Ap(z)da = [ Ag(z)dz k=2,..n—-1 (5)
a Tk—1
b
| Ag(z)dz k=n
With notation (5), the direct F-transform is
%ff(x)Al(m)d:v k=1
Tht1
F, = i | f@)Ap(z)de Ek=2,.,n—1 . (6)
Tr—1
% f" f(@)A,(z)dzx k=n

The basic properties of the F-transform (see section 3 of [10]) are as follows.

Proposition 1: Let f : [a,b] — R be a continuous function and let F =
(Fy, Fy, ..., F,)T be its F-transform with respect to a given partition (P, A).
Then

(i) For all x € [xg,xk41] and k=1,2,...,n — 1, we have
|f(z) — Fi| < Myp(f)
|f(x) = Fiya| < My p(f)-

(ii) For all k =1,...,n, there exist a < ¢ < z9, xi_1 < ¢}, < ¢} < Tyt
(k=2,..,n—1) and z,—1 < ¢, < b such that

14 10
- j;’jif(m)fik(m)dlr ) n jf’J‘ dx
ff x)dx for k=2,..,n — 1.
I



(iii) For all k=1,...,n — 1, we have

Tr+1

I f(z) - J?F(J?)|d3? < M p(f)(@hgr — Tr—1)-

LTk—1

b
(iv) Each Fy, is a minimizer of the function ¢, (y) = [ (f(z) — y)? Ap(z)dz.
(v) If f is twice continuously differentiable and if the basic functions
Ay € A are such that I} = 2255 [, = B2 for k= 2,...,n—1

and I,, = === then

F, = f(ag) + O(?Lﬁ) where hy = max{hg, hr11}
forallk=1,..,n.

The F-transform has two properties that are useful for its interpretation.
The first states an invariance property of the integral.

Theorem 2: Let f,g : [a,b] — R be two functions and let R [a,b] — R
be the iF-transforms of f and g with respect to the same fuzzy partition
(P,A). Then

FR@)g(@)de = [ F(2)5)da: )

i particular,

b
[f(z)dz = [ f(z)dz. (8)

The second property shows that each component Fj, of the F-transform can
be expressed as the value f(&,) of f at a point &, € [zx_1,Zr+1]; consequently,
the iF-transform can be expressed as a linear combination of the basic functions
Ay, with coeflicients given by values of f at points £, in its domain.

Theorem 3: Let f : [a,b] — R be a continuous function and let IE [a,b] —
R be its iF-transform with respect to a fuzzy partition (P,A). Then there
exist fived points &, € [xg—1,Tr+1] such that F, = f(§;,) and

flo) = & Au(@) = 3 flE)Ante). ©
In particular,
Fp = fzg) = f(&,) forall k= 1,....n. (10)

The direct and inverse F-transforms have been defined in [10] for the discrete
case as follows. A compact interval [a,b] is given, and a fuzzy partition (P, A)
of [a,b] is selected with the usual notation. Given m distinct points ¢; € [a, b],



Jj =1,...,m, such that each set T}, = {¢t;|Ax(t;) > 0}, k = 1,...,n, is nonempty
(assuming t; < to < ... < t;,, we say in this case that T = {t1,t2,...,t;n} is
sufficiently dense with respect to (P, A)), the discrete direct F-transform of a
function f : [a,b] — R is defined by

Fi= & S5 (6)Au(ty) for k=1, .om (11)
Sk j=1

sk = 21 Ag(tg).

J

To simplify the notation, the corresponding iF-transform function will be de-
noted, instead of by fr(t), by

~ n

J6) = 3 Fida() for ¢ € [a, )] (12)

We will also use the m-dimensional vector f = (fl, ...,fm) with components

o~ n
f; = f(t;) obtained by evaluating the iF-transform function f = > Fp A at
k=1
each point t;, for j = 1,...,m.

Theorem 2 has an analog version in the discrete F-transform setting.

Theorem 4: Let (P,A) be a fuzzy partition of [a,b]; let m points t; € [a,b]
be given such that T = {t1,ta,...,tm} is sufficiently dense with respect to
(P,A); and let f : [a,b] — R, g : [a,b] — R be two functions with

discrete iF-transforms f(t) and §(t), respectively. Then

~ m

3 Fitatty) = 3 £ttt (13)

and, in particular,

I
NE
=

S 7t

Jj=1

(14)

<
Il
—

The basic functions Aj, Ao, ..., A, of the fuzzy partition (P, A) are defined
by n — 1 increasing functions Ls,..., L, as in (1). As suggested in [18], each
function Ly, : [0,1] — [0,1] (kK = 2,...,n) can be modeled in parametric form
as it is detailed in [22].

3 Use of the F-transform in expectile smoothing

In order to investigate the role of F-transform in expectile smoothing, let’s first
introduce some basic facts on quantile and expectile regression and autoregres-
sion, a recent interesting field in nonparametric regression (see e.g. [16], [7] and
the references therein).



Consider a real-valued random variable &; a given r-quantile £ (r) is defined
by the property that the probability that an observation is less than £ (r) is r,
with r €]0,1]
Prob(§ <&(r)) =

Given a set of T observations z;, t = 1,...,T, the sample quantile £ (r) can
be obtained as the solution to minimize the function (with respect to m)

S, (m) = 3" p (e —m)

where p, (y) is the check function (see e.g. [16]) defined for quantiles as

pr(y) =(r=1(y<0))y
and the function I(.) is defined by

lify<0
0 otherwise

I(y<0)= {
We can write

Sp(m)=(r=1) > (zr—m)+r Y (z,—m)

xe<m xre>m

and it is immediate to see that S, (m) > 0 for all real m.

Ifr= %, then the r-quantile gives the median m, of the (empirical) distrib-

ution of £, i.e. the minimizer of the functional

T
me = arg m%nSl/Q (m) = Z |z —m|.
t=1

The expectiles are defined in a similar way as for quantiles, in particular by
using the mean instead of the median.

The population expectiles i (w), for w € ]0,1[, are defined by tail expecta-
tions rather than tail probabilities. For a given value of w € ]0,1[, the sample
expectile i (w) is obtained by minimizing

T
Sw(M):ZPw(l’t*M) ,wE]O,l[

where the check function is now given by

Py (W) =y?lw—1(y <0).

This is equivalent to

T T
S () =D (1=w)(ze—p)’ + Y wla—p?*.
t=1 t=1
TE<p TS



If w =1 we obtain the mean value p, of the observations

1 Z
e = argmumsl 52
t=1
1 X
e T thlxt

The ordinary least squares (OLS) estimation of u is obtained by minimizing

T

Sors =Y (w — pm)*;

t=1

when an asymmetry parameter w €]0, 1] is chosen, then the least asymmetrical
weighted squares (LAWS) function

T
Siitws () = D we () (2 — ) (15)
=1
is minimized, where the weights w,, (t) are

B w if x> p
w“’(t)_{l—w if z<p

The value u = p (w) (depending on w) is the population expectile for different
values of the asymmetry parameter w € ]0,1[. The model in (15) can be fitted
by applying iteratively a weighted least squares minimization (see e.g. [23]).

Iterated LAWS Algorithm:

1. Chose 2 value w € |0, 1[ and start with estimated (initial) w!, [ = 0 (e.g.
w) =3 foral t=1,..,7);

2. Compute the minimizer ! of S(L“XWS(,u) = Zwi (z; — p)® and compute

new weights

I+1 w if xt>ul
Tl 1w if ox <t

increase I =1 + 1;

3. Continue 1terat1vely with step 2 untll the weights w; 1 hecome "stable"

with respect to w! (i.e. w/tt = w! for all t).



Note that ordinary least squares is a special case of LAWS when w = %, and
the solution of (15) in step 2 is given by

T T

l ! l

W= E W Ty g Wy .
t=1 t=1

The expectile F-transform, for a fixed generalized fuzzy r-partition (P, A()
and for a given value of w €]0, 1], can be defined, according to the expectiles
setting described above, to be the minimizer of the following operators, for
k=1,..,n,

b

/ wy (@) (f () — F)? AV () du

a

where

wy(z) = { w if f@)<F

O, (F)

l—w if f(z)>F

Remark that if w = 0.5 the minimization of ® o5 (F) with respect to F'
gives the usual F-transform component F}, ¢ 5 in Definition 3.

According to the fact that, corresponding to w > % we obtain a value of
F' greater than Fj o5, and that, corresponding to w < % we obtain a value of
F' less than F}, .5, we suggest the following procedure to obtain a fuzzy-valued
version of the direct F-transform:

Choose a €]0, 1] and consider the two operators @, (F) and @;a (F),

defined by

o) = [ @@ - PP AP (@) ds

and

If @ =1 we obtain Py 0.5 (F).



The minimization of ®, (F) and @;a (F) produces, respectively Fy , and
F,:a so that [FEQ,FJQ} is the a—cut of Fy.

As a consequence, the iF-transform of f is fuzzified by:
)= 13 mal ()
"= *

with the corresponding o — cuts expressed as a linear combination of intervals
P Fia):

k,a?

F@] = |&@. 5@ (16)
% P o] A (@)
k=1

When o = 1 we obtain the standard F—transform and the corresponding
1F—transform.

The discrete case can be handled in a similar way as for the standard discrete
F-transform. The expectiles, in the discrete case, are obtained by minimizing
the following functions:

O, (F)=>"wy (t) (f (t:) — F)* A (t,) (17)
k=1
where ; f( ) -
_ % 1 ti <
1%@0{1—31ff@0>F
and .
O, (F)=>"wh () (f (t:) — F)* A (t:) (18)
k=1
where

+(t<):{ 1—g if f(t)<F
i o i f(t)>F

Consider that, for fixed values of wZ (¢;), the minimizers Fy, and F, o of
(17) and (18) are obtained, respectively, for k = 1,...,n, by

10



and

wi (&) f(t:) AT (t:)

F]:’:OL = k:1 m
S wd () A ()
k=1

An iterative procedure can be easily designed, similar to the Iterated LAWS
Algorithm as described above.

Remark that if @ = £, then we have w, (t;) = w} (t;) = % foralli=1,..,m
and we obtain exactly the standard discrete F-transform of f based on the
observations f (¢;) at the points t1,ts, ..., ,,, assumed to be sufficiently dense

with respect to the given fuzzy r-partition (P, A(")).

NN

N\

N

Figure 1. a-cuts of a fuzzy-valued function
by F-transform (m = 501, n = 101, = 6) and
a =0.01,0.25,0.5,0.75,1.0

In figure 2 we illustrate the expectile smoothing to the same simulated exam-
ple as in [22] (Section 4.3, example 1): f(t;) = 5e=05% sin?(nt;) + 224, t; € [0, 2],
i=1,...,m, where z; € N(0,1).

The data are represented by points and 9 curves are generated, corresponding
to the values of a = 0.01, 0.25, 0.5, 0.75, 1.0; it is to be remarked that for any

value of a €]0,1] we can obtain the a—cut [Fk_’a,F,:a} of F, k = 1,2,...,n.

The curves are then constructed by inverse F-transform, equation (16).

4 Application to hystorical financial time series

In order to show how the F-transform can be used for expectile smoothing, we
apply the proposed estimation on some time series. In all the cases, the number
n of subintervals in the fuzzy partition (PP, A(T)) is approximately % and the
bandwidth r is estimated by generalized cross validation as in [22]. In all cases,
for simplicity, the basic functions Ag(z), defined on the intervals [xg—p, Tgir],

11



are obtained by translating and rescaling the same symmetric triangular fuzzy
number Tp, defined on [—1, 1] and centered at the origin, with membership

1+¢ if te[-1,0]
To(t) = 1—¢t if te]0,1]
0 otherwise

We consider three hystorical daily prices series with different properties re-
lated to market behaviour. The time period is from October, 9th 2007 to Oc-
tober, 8th 2015 and it follows that m = 2016 in the three cases.

The first time series contains the silver prices in US dollars. The price is
set once a day by three London Bullion Market Association (LBMA) market
makers that listen to customers’ purpose as buyers or sellers: the silver fixing
price is then set by collating bids and offers until the supply and demand are
matched.

In general, commodities likes silver are considered an high volatility asset
class but a small amount diversifies well risks associated with stocks, bonds and
cash.

The second time series is about the wellknown Apple stock that has an high
volatility in the short term.as all the stocks.

The third historical data series contains the S&P 500 that is probably the
most accurate quantifier of the U.S. economy, measuring the cumulative float-
adjusted market capitalization of 500 of the nation’s largest corporations; due
to its definition it is considered a low volatility stock.

Figures 3 and 3a represent the observations and the a-cuts obtained by
the repeated application of F-transform (17), (18) for the indicated values of
a €]0,1].

. .
T Quantile FT: Frm (-r), Frp (4, f (b) Expectile FT: F (1), Fy (1), T(b)

ik
A
k" e
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s ! ! L L I I I L L ! L ! I L I I L I
200 400 600 8OO 1000 1200 1400 1600 1800 2000 200 400 B00  BOD 1000 1200 1400 1800 1800 2000

Figure 2: comparison between quantile and expectile smoothing

As a second collection of data we use 5 years of the FTSE 100, that is a
share daily index of the 100 companies listed on the London Stock Exchange

12



with the highest market capitalization. It is one of the most widely used stock
indices and is seen as an indicator of business prosperity. The m = 1264 cover
the period from 1 june 2007 to 31 may 2012.

Figure 3. a-cuts of a fuzzy-valued function
by F-transform (m = 1264, n = 250, r = 3) and
a =0.01,0.25,0.5,0.75,1.0

The fuzzy values (16) can be better distinguished in figure 4a.

Figure 3a. Zoom of figure 4.

The third series of data considers the traded volumes of FTSE 100 above.

13



Figure 4. a-cuts of a fuzzy-valued function
by F-transform (m = 1264, n = 250, r = 3) and
a = 0.01,0.25,0.5,0.75,1.0

The last time series is the daily ITRAXX Europe index, with m = 1380 data
from 16/6,/2004 to 01/10/2009.

180

Figure 5. a-cuts of a fuzzy-valued function
by F-transform (m = 1380, n = 276, r = 4) and
a = 0.01,0.25,0.5,0.75,1.0

5 Conclusions
The introduced smoothing technique may represent a good alternative to the

most popular ones because the algorithmic implementation is simple and the
integral is preserved.

14



Expectile approach is probably more interesting because the related operator
is differentiable while for the quantile this is not true.

k,a? Flioz:|
of F} have the same smoothing property inherited from F-transform, with a
"degree of smoothness" depending on the bandwidth of the partition.

The preliminary results encourage to further work in the study and appli-
cations of F-transform as a tool to obtain a fuzzy-valued interpretation of a
time series. In particular, we are interested to better understand the connec-
tions between the fuzzy partition (P, A) (the number and form of the basic
functions, the length of the bandwidth,...) and the properties of the estimated
fuzzy-valued (inverse) F-transform.

Using an appropriate (generalized) fuzzy partition, the a—cuts [F -
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