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Fuzzi�cation via F-transform

Luciano Stefanini�, Maria Letizia Guerray

Abstract

In this paper we show how a fuzzi�cation process can bene�t of the
F-transform and possibility distributions.

1 Introduction

In order to handle incomplete information, possibility theory is a powerful
choice. It is similar to probability theory because it is based on set functions; in
possibility theory, however, the additivity does not hold and there are two dual
functions and not only one: the possibility and the necessity measures ([6]).
The possibility distributions were primarly introduced by Zadeh ([24]) in order
to provide a graded semantics to natural language statements. Hereinafter the
two measures become a common way to model uncertainty.
Liu in [9] provides a survey of credibility theory that is a new branch of math-

ematics for studying fuzzy events. The number Cr fAg indicates the credibility
that an event A will occur and it satis�es certain mathematical properties.
The paper is organized in four sections After the introduction we suggest

the correct use of the quantiles in the possibilistic distribution function.

2 Use of quantiles in the (possibilistic) distrib-
ution function

Consider a fuzzy number u 2 RF with membership function (in LR-representation)
u : R �! [0; 1], with support [a; b] and core fcg, c 2]a; b[

u(x) =

8>>>><>>>>:
0 if x < a

uL(x) if a � x � c
1 if c � x � d

uR(x) if d � x � b
0 if x > b

;
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the �-cuts (in LU-representation) are

[u]� = [u
�
� ; u

+
� ], � 2 [0; 1].

The possibility function of u is de�ned for all x 2 R by

Posu (x) = sup fu (t) j t � xg ;

and the necessity function of u is

Necu (x) = 1� sup fu (t) j t > xg

then the (possibilistic) distribution function of u is de�ned by

Fu(x) =
Pos (x) +Nec (x)

2
(1)

i.e., if u is continuous,

Fu(x) =

8>>>><>>>>:
0 if x < a

1
2u

L(x) if a � x � c
1
2 if c � x � d

1� 1
2u

R(x) if d � x � b
1 if x > b

Remark that Fu(c) = 1
2 .

We can prove the following result:

Proposition 1 Let u 2 RF . For all � 2]0; 1], the �-cut [u�� ; u+� ] of u is given
by

u�� = inffxjFu(x) �
�

2
g (2)

u+� = supfxjFu(x) � 1�
�

2
g (3)

Proof. We �x � 2 ]0; 1] and for (2) we have that Fu(x) � �
2 means

0 � �

2
if x � a

1

2
uL (x) � �

2
if x 2 [a; c]

1

2
� �

2
if x 2 [c; d]

1� 1
2
uR (x) � �

2
if x 2 [d; b]

1 � �

2
if x � b

so that
inf
n
xjFu(x) �

�

2

o
=

2



= inf
�
xjuL(x) � � if x 2 [a; c] ; or uR(x) � 2� � if x 2 [c; b]

	
(4)

where we can exclude the case x � a because the inequality 0 � �
2 is never true

and we can omit x � b, too, because the inequality 1 � �
2 is always veri�ed.

Finally we observe that uL(u�� ) � � and that the following implication holds
x < u�� ) uL(x) < �; on this way we obtain that the expression in (4) is equal
to:

inf
�
xjuL(x) � �

	
= u��

due to the fact that uR(x) � 2 � � is always true because uR(x) 2 [0; 1] and
� 2 ]0; 1] :
In a similar way for (3) we have that Fu(x) � 1� �

2 means

1 � �

2
if x � a

1� 1
2
uL(x) � �

2
if x 2 [a; c]

1

2
� �

2
if x 2 [c; d]

1

2
uR(x) � �

2
if x 2 [d; b]

0 � �

2
if x � b

Now, for � 2]0; 1] it is impossible to have 0 � �
2 and then all values x � b can

be omitted; in addition the inequality 1 � �
2 is always true and we can remove

the condition x � a: These consideration imply that

supfxjFu(x) � 1�
�

2
g =

= supfxjuL(x) � 2� � if x 2 [a; c] ; or uR(x) � � if x 2 [c; b]g

Observing, �nally, that the inequality uL(x) � 2 � � is always true we can
conclude as follows

= supfxjuR(x) � �g = u+�
because uR(u+� ) � � and that the following implication holds x < u+� )
uR(x) < �:
A consequence is that, if Fu(x) is continuous and strictly increasing, u��

is such that Fu(u�� ) =
�
2 and u

+
� is such that Fu(u+� ) = 1 � �

2 ; furthermore,
considering � = 1, we obtain c = inffxjFu(x) � 1

2g = supfxjFu(x) � 1
2g i.e.

c = fxjFu(x) = 1
2g; the core value c (assumed to be unique) has the same

property as the median of a probability distribution.
Consider the following function (the integral is Riemann-Stieltjes assuming

Fu(x) absolutely continuous)

Su(m) =
+1R
�1

jm� xjdFu(x).
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The minimization of Su(m) with respect to m gives a value of m such that
mR
�1

dFu(x) � 1
2 and

+1R
m

dFu(x) � 1
2 ; and if Fu(x) is absolutely continuous this

gives Fu(m) � 1
2 and 1� Fu(m) �

1
2 , i.e. Fu(m) =

1
2 ; it follows that m = c.

Proposition 2 Let Fu(x) be the (possibilistic) distribution function of u 2 RF
and u(x) = 1 () x = c. Then Su(c) � Su(�) for all � 2 R.

Proof. We can write

Su(�) =
�R
�1
(� � x)dFu(x) +

+1R
�

(x� �)dFu(x).

Then, considering that �� x = (�� c) + (c� x) or x� � = (x� c) + (c� �) and

using the properties
�R
�1

=
cR

�1
+

�R
c

,
+1R
�

=
cR
�

+
+1R
c

, we have

Su(�) =
cR

�1
(� � c)dFu(x) +

cR
�1
(c� x)dFu(x) +

�R
c

(� � c)dFu(x) +
�R
c

(c� x)dFu(x) +

cR
�

(x� c)dFu(x) +
cR
�

(c� �)dFu(x) +

+1R
c

(x� c)dFu(x) +
+1R
c

(c� �)dFu(x)

But
cR

�1
(� � c)dFu(x) =

1

2
(� � c),

+1R
c

(c� �)dFu(x) =
1

2
(c� �),

cR
�1
(c� x)dFu(x) +

+1R
c

(x� c)dFu(x) =
+1R
c

jx� cjdFu(x)

2
�R
c

(��c)dFu(x) =
�R
c

(��c)dFu(x)+
�R
c

(c�x)dFu(x)+
cR
�

(x�c)dFu(x)+
cR
�

(c��)dFu(x)

and it follows that

Su(�) = Su(c) + 2
�R
c

(� � x)dFu(x).

Now, from the basic properties of the Riemann- Stijelties integrals, we have
�R
c

(��x)dFu(x) � 0; as a consequence, Su(�) � Su(c) and the proof is complete.
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De�nition 3 (possibilistic) r-quantile

Analogously, we can prove the following property.

Proposition 4 If u is a fuzzy number with possibilistic distribution Fu(x),
x 2 R, then for all � 2]0; 1], the �-cuts [u�� ; u+� ] of u are such that u�� is
the �

2 -quantile and u
+
� is the (1 � �

2 )-quantile of Fu(x), i.e. they are obtained,
respectively, by minimizing the functionals

S�� (m) = (1�
�

2
)
mR
�1
(m� x)dFu(x) +

�

2

+1R
m

(x�m)dFu(x)

and

S+� (m) =
�

2

mR
�1
(m� x)dFu(x) + (1�

�

2
)
+1R
m

(x�m)dFu(x).

The proposition above is useful to estimate the level cuts (and the member-
ship function) of a normal fuzzy number u 2 RF . This application mimics very
well known results in statistics and we apply it without proof.
Suppose that a fuzzy number u 2 RF is known at N observations (xi; u(xi)),

i = 1; :::; N and that the known membership values u(xi) are uniform on [0; 1].
For a value of � 2]0; 1] determine the (empirical) �2 -quantile u

�
� (N) and the

(1� �
2 )-quantile u

+
� (N) to be the minimizers of the functionals

S�� (m) = (1� �
2
)

NP
i=1
xi<m

(m� xi) +
�

2

NP
i=1
xi>m

(xi �m)

S+� (m) =
�

2

NP
i=1
xi<m

(m� xi) + (1�
�

2
)

NP
i=1
xi>m

(xi �m).

The obtained values

m�
� (N) = argmin

m
S�� (m) (5)

m+
� (N) = argmin

m
S+� (m) (6)

are an estimate [m�
� (N);m

+
� (N)] of the �-cut [u

�
� ; u

+
� ] of u.

The minimization can be performed by linear programming.in the following
way.

Inserire e spiegare
For k = 1; 2; :::; n let jk and nk be the integers such that tj 2 [xk�1; xk+1],

k = 1; 2; :::; n for j = jk + 1; :::; jk + nk. We have nk � 1 because the points tj
are su¢ ciently dense with respect to the partition (P;A). Then the two linear
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programming formulations can be obtained as follows: de�ne 2nk nonnegative
variables y�i , y

+
i , i = 1; 2; :::; nk such that

y�i =

�
0 if f(tjk+i) � F

F � f(tjk+i) if f(tjk+i) < F

y+i =

�
0 if f(tjk+i) � F

f(tjk+i)� F if f(tjk+i) > F
.

Then

y�i + y
+
i = jF � f(tjk+i)j, i = 1; 2; :::; nk,

y�i � y
+
i = F � f(tjk+i), i = 1; 2; :::; nk

and

S�� (F ) = (1� �
2
)
nkP
i=1

y�i Ak(tjk+i) +
�

2

nkP
i=1

y+i Ak(tjk+i)

S+� (F ) =
�

2

nkP
i=1

y�i Ak(tjk+i) + (1�
�

2
)
nkP
i=1

y+i Ak(tjk+i).

De�ning c(k)i = Ak(tjk+i) and b
(k)
i = f(tjk+i), i = 1; :::; nk, k = 1; :::; n, the

minimization of S�� (F ) and S
+
� (F ) requires to minimize the two linear objective

functions (with nonnegative cost coe¢ cients)

S�� (F ) =
Xnk

i=1
(1� �

2
)c
(k)
i y�i +

�

2
c
(k)
i y+i (7)

S+� (F ) =
Xnk

i=1

�

2
c
(k)
i y�i + (1�

�

2
)c
(k)
i y+i (8)

s.t.

subject to the contraints

F � y�i + y
+
i = b

(k)
i , i = 1; :::; nk

y�i � 0, i = 1; :::; nk
y+i � 0, i = 1; :::; nk
F unconstrained.

Example.
We consider the fuzzy number u 2 RF having �-cuts [u�� ; u+� ] = [10�0:5; 12�

2�1:5] and we sample u�� and u
+
� at

N
2 points �i generated on [0; 1] as follows:

�1 = 0, �i = rand() and �N
2
= 1 (N is even and rand() is a uniform random

number between 0 and 1). The N observations of u are given by xi = 10�0:5i
and xN

2 +i
= 12� 2�1:5i , i = 1; :::; N2 . Then, using the N observations x1; :::; xN ,

the �-cuts [u�k ; u
+
k ] of u are estimated for �k =

k�1
20 (k = 1; :::; 21) by averaging

the results of P = f10; 20; 50g independent runs of (5)-(6).
Cite the convergence theorem of big numbers
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The �gures1 below report the results for di¤erent values of N ; when N
increases, the estimated �-cuts become better.

0 2 4 6 8 1 0 1 2
0

0 .1

0 .2

0 .3

0 .4

0 .5

0 .6

0 .7

0 .8

0 .9

1

0 2 4 6 8 1 0 1 2
0

0 .1

0 .2

0 .3

0 .4

0 .5

0 .6

0 .7

0 .8

0 .9

1

(1): N=2 = 11. 10 instances (left) and estimated (right,stars)

ws exact (right,circles) �-cuts.

0 2 4 6 8 1 0 1 2
0

0 .1

0 .2

0 .3

0 .4

0 .5

0 .6

0 .7

0 .8

0 .9

1

0 2 4 6 8 1 0 1 2
0

0 .1

0 .2

0 .3

0 .4

0 .5

0 .6

0 .7

0 .8

0 .9

1

(2): N=2 = 21. 10 instances (left) and estimated (right,stars)

ws exact (right,circles) �-cuts.

1All �gures are performed through Matlab elaborations.
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(3): N=2 = 51. 10 instances (left) and estimated (right,stars)

ws exact (right,circles) �-cuts.
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0
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0 .4

0 .5

0 .6

0 .7

0 .8
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0 2 4 6 8 1 0 1 2
0

0 .1

0 .2

0 .3

0 .4

0 .5

0 .6

0 .7

0 .8

0 .9

1

(4): N=2 = 101. 10 instances (left) and estimated (right,stars)

ws exact (right,circles) �-cuts.

3 L1-norm based F-transform

Insert de�nition of F-transform in the L1 norm case

We have seen that the direct F-transform, in combination with the �
2 -

quantiles and (1��
2 )-quantiles, produces the �-cuts of a fuzzy-valued iF-transform

of f(x) on [a; b].
An interesting problem is to relate the obtained membership function of the

fuzzi�ed f(x) to the basic functions of the fuzzy partition (P;A).
We �rst consider the problem for the value � = 1, i.e. the L1-norm based
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values Fk obtained by minimizing

�k(F ) =
bR
a

jf(x)� F jAk(x)dx =
xk+1R
xk�1

jf(x)� F jAk(x)dx

or, for a generalized fuzzy partition (P;A(r)), the functional (r � 1)

�k(F ) =
xk+rR
xk�r

jf(x)� F jA(r)k (x)dx.

The �rst step is to determine the possibility distribution functions Gk(x), for
each k = 1; :::; n, such that the minimization of �k(F ) produces the same result

as the minimization of
xk+rR
xk�r

jf(x) � F jdGk(x); correspondingly, we can obtain

the fuzzy numbers Bk with support x 2 [xk�r; xk+r] and with membership
functions (exk correspond to membership value 1)

Bk(x) =

8>><>>:
0 if x < xk�r

BL(x) if xk�r � x � exk
BR(x) if exk � x � xk+r
0 if x > xk+r

such that

Gk(x) =

8<:
1
2B

L(x) if xk�r � x � exk
1� 1

2B
R(x) if exk � x � xk+r

0 otherwise
.

For simplicity, we denote the basic functions by Ak instead of the more
complete notation A(r)k ; and assume that

Ak(x) =

8>><>>:
0 if x < xk�r

AL(x) if xk�r � x � xk
AR(x) if xk � x � xk+r
0 if x > xk+r

.

We will use the two integrals

ILk =
xkR
xk�r

ALk (x)dx, I
R
k =

xk+rR
xk

ARk (x)dx and

Ik = ILk + I
R
k .

De�ning the integral functions

Gk(x) =

8>><>>:
0 if x � xk�r

1
Ik

xR
xk�r

Ak(x)dx if x 2 [xk�r; xk+r]

1 if x � xk+r

, k = 1; :::; n

9



and assuming that each Ak(x) is a continuous function, we have immediately
that

�k(F ) = Ik

xk+rR
xk�r

jf(x)� F jdGk(x)

and the minimization (with respect to F ) of
xk+rR
xk�r

jf(x)�F jdGk(x) is equivalent

to the minimization of �k(F ).

4 A variant to F-Transform

A fuzzy partition of a given real compact interval [a; b] is constructed by a
decomposition P = fa = x1 < x2 < ::: < xn = bg of [a; b] into n � 1
subintervals [xk�1; xk], k = 2; :::; n and by a family A = fA1; A2; :::; Ang of
n fuzzy numbers (the basic functions), identi�ed by their membership func-
tions A1(x); A2(x); :::; An(x) on [a; b] and with the properties (to complete this
notation, we set x0 = a and xn+1 = b):

1. Ak : [a; b] �! [0; 1] is continuous with Ak(xk) = 1; Ak(x) = 0 for x =2
[xk�1; xk+1];

2. for k = 2; 3; :::; n, Ak is increasing on [xk�1; xk] and decreasing on [xk; xk+1];
A1 is decreasing on [a; x2]; An is increasing on [xn�1; b];

3. for all x 2 [a; b] the partition of unity condition holds
nP
k=1

Ak(x) = 1.

We denote a fuzzy partition by the pair (P;A).
The basic functions can be de�ned by monotonic branches A1(x) = R1(x)

for x 2 [a; x2], An(x) = Ln(x) for x 2 [xn�1; b] and

Ak(x) =

�
Lk(x) if x 2 [xk�1; xk]
Rk(x) if x 2 [xk; xk+1]

for k = 2; :::; n� 1 (9)

where each function Lk(x) is increasing with Lk(xk�1) = 0; Lk(xk) = 1 and
each Rk(x) is decreasing with Rk(xk) = 1; Rk(xk+1) = 0.
The support of each basic function Ak(x) is the compact interval [xk�1; xk+1]

so that, on each subinterval [xk�1; xk] of the decomposition P only two basic
functions Ak�1(x) and Ak(x) are non zero and we can introduce the conditions

Lk(x) +Rk�1(x) = 1 for all x 2 [xk�1; xk] and k = 2; :::; n

and use only n� 1 functions Lk(x); k = 2; :::; n (or Rk(x); k = 1; 2; :::; n� 1) to
de�ne a fuzzy partition (P;A):

A1(x) = 1� L2(x) for x 2 [a; x2], (10)

Ak(x) =

�
Lk(x) if x 2 [xk�1; xk]
1� Lk+1(x) if x 2 [xk; xk+1]

for k = 2; :::; n� 1,

An(x) = Ln(x) for x 2 [xn�1; b].
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So, each fuzzy partition is essentially de�ned by decomposition P and by n� 1
increasing functions Lk(x), k = 2; 3; :::; n such that

Lk(xk�1) = 0 and Lk(xk) = 1.

Given a continuous function f : [a; b] �! R and a fuzzy partition (P;A), the
direct fuzzy transform (F-transform) of f with respect to (P;A) is the n-tuple
of real numbers F = (F1; F2; :::; Fn)T (notation (�)T means transposition) such
that each Fk, given by

Fk =

bR
a

f(x)Ak(x)dx

bR
a

Ak(x)dx

, k = 1; 2; :::; n, (11)

is the unique minimizer of the convex functional

�k(F ) =
bR
a

[f(x)� F ]2Ak(x)dx (12)

i.e.

Fk = argmin
F
�k(F )() Fk =

bR
a

f(x)Ak(x)dx

bR
a

Ak(x)dx

.

Each Fk is a local wighted least squares approximation of function f(x) with
weighting function Ak(x) so that Fk is a wighted average of f(x) on [xk�1; xk+1].
The setting (12) can be generalized by considering a real vlue p > 0 and

de�ning the Lp-norm based approximation of function f(x) on [xk�1; xk+1], by
minimizing the functional

�
(p)
k (F ) =

bR
a

jf(x)� F jpAk(x)dx

and by setting
F
(p)
k = argmin

F
�
(p)
k (F ). (13)

Of particular interest is the case p = 1,

�
(1)
k (F ) =

bR
a

jf(x)� F jAk(x)dx.

L1-norm based approximation de�nes the direct F-transform component F
(1)
k

as the minimizer of the absolute deviations jf(x)�F j on [xk�1; xk+1] (weighted
by Ak(x)). In statistical terms, the minimizer of �

(1)
k (F ) produces an analogous

of the weighted median of function f(x) on [xk�1; xk+1].
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In the discrete case, assume that f is given at a su¢ ciently dense set of m
points t1 < t2 < ::: < tm; the functional to be minimized is

	k(F ) =
Xm

j=1
jf(tj)� F jAk(tj).

Function 	k(F ) is nondi¤erentiable and an explicit closed-form solution is
not available. The minimization of 	k(F ) can be obtained by linear program-
ming.
For k = 1; 2; :::; n let jk and nk be the integers such that tj 2 [xk�1; xk+1],

k = 1; 2; :::; n for j = jk + 1; :::; jk + nk. We have nk � 1 because the points tj
are su¢ ciently dense with respect to the partition (P;A). Then

	k(F ) =
Xnk

i=1
jf(tjk+i)� F jAk(tjk+i)

and a linear programming formulation can be obtained as follows: de�ne 2nk
nonnegative variables y�i , y

+
i , i = 1; 2; :::; nk such that

y+i � y
�
i + F = f(tjk+i), i = 1; 2; :::; nk

and
y�i + y

+
i = jF � f(tjk+i)j, i = 1; 2; :::; nk.

Then
	k =

Xnk

i=1
(y�i + y

+
i )Ak(tjk+i)

and, de�ning c(k)i = Ak(tjk+i) and b
(k)
i = f(tjk+i), i = 1; :::; nk, k = 1; :::; n, the

minimization of 	k becomes

min
Xnk

i=1
c
(k)
i y�i + c

(k)
i y+i (14)

s.t.

F � y�i + y
+
i = b

(k)
i , i = 1; :::; nk

y�i � 0
y+i � 0
F unconstrained

The dual of (14) is

max
Xnk

j=1
b
(k)
j wj (15)

s.t. Pnk
j=1 wj = 0

�c(k)j � wj � c(k)j , j = 1; :::; nk

We see immediatly that problem (15) is feasible (wj = 0 8j = 1; :::; nk is
feasible) and is also bounded (

Pnk
j=1 b

(k)
j wj �

Pnk
j=1 jb

(k)
j jc(k)j , because c(k)j � 0).
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It follows that
a) problem (14) always has an optimal bounded solution,
b) the optimal value Fk corresponding to the optimal solution of (14) is

obtained by

Fk =
1

nk

Xnk

i=1
(y�i � y

+
i + b

(k)
i )

Given a continuous function f : [a; b] �! R, a fuzzy partition (P;A) and the
L1-norm based direct F-transform (F1; F2; :::; Fn)

T of f with respect to (P;A),
the L1-norm based inverse F-transform is the continuous function bfF : [a; b] �!
R given by bfF (x) = nP

k=1

FkAk(x) for x 2 [a; b]. (16)

REMARK
The same construction can be obtained in terms of an extended fuzzy parti-

tion (P;A(r)) of bandwidth r � 1, where each basic function A(r)k (x) is de�ned
to "cover" the subinterval [xk�r; xk+r], k = 2� r; :::; 1; 2; :::; n; :::; n+ r � 1.

Now, it is not di¢ cult to determine the fuzzy number Bk(x), corresponding
to the possibility distribution Gk(x), in terms of ALk and A

R
k .

Omitting the details, de�ne exk 2 [xk�r; xk+r] such that
exkR
xk�r

Ak(x)dx =
Ik
2
=
ILk + I

R
k

2
.

We have three cases:
(1) if exk = xk , i.e. if ILk = IRk , then

BLk (x) =
2

Ik

xR
xk�r

ALk (x)dx

BRk (x) = 1� 2

Ik

xR
xk

ARk (x)dx.

(2) if exk < xk , i.e. if ILk > IRk , then
BLk (x) =

2

Ik

xR
xk�r

ALk (x)dx

BRk (x) =

8>><>>:
1� 2

Ik

xR
exkA

R
k (x)dx if exk � x � xk

2IRk
Ik
� 2

Ik

xR
xk

ARk (x)dx if xk � x � xk+r
.

13



(3) if xk < exk , i.e. if ILk < IRk , then
BLk (x) =

8>><>>:
2
Ik

xR
xk�r

ALk (x)dx if x � xk

2ILk
Ik
+ 2

Ik

xR
xk

ARk (x)dx if xk � x � exk
BRk (x) = 1� 2

Ik

xR
exkA

R
k (x)dx.

The discussion above shows a relevant fact: the �-cuts [F�k;�; F
+
k;�], estimated

by computing the �
2 -quantiles and (1 �

�
2 )-quantiles for � 2]0; 1], by L1-norm

based F-transform, de�ne a fuzzy number Fk such that, for x 2 [xk�r; xk+r],
the membership value of f(x) with respect to Fk is Bk(x).
We can prove some additional theoretical results about this results.

Crouzet in [2] introduces the fuzzy projection that is closely related to fuzzy
and inverse fuzzy transforms.
The fuzzy projection, as the inverse fuzzy transform, is another way to ad-

dress the sampling/interpolation problem in a fuzzy context. The main advan-
tage is that they are numerically very simple to implement and they require
little computation. We have also shown that interpolation kernels are easy to
compute, numerically stable, address the requirement of being very well local-
ized.
The fuzzy projection is de�ned as

Pf = Argmin
g2�

kf � gk2

and it minimizes classical global least square criteria, while the inverse fuzzy
transform

Qf = F � Ff

is computed using the components of the fuzzy transform (Ff)k that mini-
mize the p+ 2 local functionals

�k(y) =

Z d

0

(y � f (x))2 �k (x) dx

For the moment, we illustrate a computational example.
The function (as in Crouzet) is f(x) = x(10 � x)sin(x2) on [0; 10]. Two

runs are executed with m = 601 and m = 1201 points; the number n of basic
functions is 301 and r = 5.
The quantile F-transform to determine the �-cuts for � 2 f0:05; 0:25; 0:5; 0:75; 1:0g

is illustrated in the �gure below2

2The routines for quantile L1-based F-transform are available.
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0 1 2 3 4 5 6 7 8 9 1 0
­2 5

­2 0

­1 5

­1 0

­5

0

5

1 0

1 5

2 0

2 5

Quantile (L1-norm based) F-transform for example

and the membership functions Ak(x), Bk(x) and the corresponding possibility
distribution are illustrated in the next �gure;

0 0 .0 5 0 .1 0 .1 5 0 .2 0 .2 5 0 .3 0 .3 5
0

0 .2

0 .4

0 .6

0 .8

1

1 .2

1 .4

Ak(x )  . re d    a n d  Bk(x )    .b l a c k

Membership functions Ak(x) (red-dots), Bk(x) (black-dots)

and corresponding possibility distribution Gk(x) (blue-dots)

The membership function of f(x) derived from Bk(x) is then computed
and compared with the estimated �-cuts for the two runs with m = 601 and
m = 1201 data points; with m = 601 data, the computed [F�k;�; F

+
k;�] by L1-

based F-transform are illustrated in the two �nal �gures; observe that m =
1201 observations give �-cuts quite near to the membership function of f(x)
corresponding to Bk(x) (here, k = r + 1)
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0 0 .0 5 0 .1 0 .1 5 0 .2 0 .2 5 0 .3 0 .3 5 0 .4
0

0 .2

0 .4

0 .6

0 .8

1

1 .2

1 .4

Theoretical (dot-blue) and empirical (star-black) values of

membership function of f(x) from L1-norm based F-transform;

case of m = 601 data points and n = 301, r = 5.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.40

0.2

0.4

0.6

0.8

1

1.2

1.4

Theoretical (dot-blue) and empirical (star-black) values of

membership function of f(x) from L1-norm based F-transform;

case of m = 1201 data points and n = 301, r = 5.

It is immediate to see that more data produce, as expected, more precise
estimated �-cuts.

5 Use of the L1-norm based F-transform as a
fuzzi�cation tool

Possibly important consequence
We have seen that �xing the basic functions Ak(x) induces a family of mem-

bership functions Bk(x) or, equivalently, a family of possibility distribution
functions Gk(x).
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So, instead of chosing the basic functions Ak(x) we can chose directly the
family fGkjk = 1; :::; ng of possibility distributions and determine the (direct)
L1-norm based F-transform by minimizing

�k(F ) =
xk+rR
xk�r

jf(x)� F jdGk(x)

and similarly, for the �
2 -quantiles and (1 �

�
2 )-quantiles, by minimizing (the

integrals are Stieltjes)

�
(�)
k;�(F ) = (1� �

2
)
bR
a

hf(x)� F i� dGk(x) +
�

2

bR
a

hf(x)� F i+ dGk(x)

�
(+)
k;�(F ) =

�

2

bR
a

hf(x)� F i� dGk(x) + (1�
�

2
)
bR
a

hf(x)� F i+ dGk(x).

Final comment
Any family of distributions G = fGkjk = 1; :::; ng de�ned on a decompo-

sition P of [a; b] will produce a fuzzy (or possibilistic) partition (P;G) and a
corresponding fuzzy-valued F-transform.

6 Conclusion

We have proposed
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