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Abstract

The LU-model for fuzzy numbers has been introduced in [4] and applied to
fuzzy calculus in [9]; in this paper we build an LU-fuzzy calculator, in order
to explain the use of the LU-fuzzy representation and to show the advantage
of the parametrization. The calculator produces the basic fuzzy calculus: the
arithmetic operations (scalar multiplication, addition, subtraction, multiplica-
tion, division) and the fuzzy extension of many univariate functions (power with
integer positive or negative exponent, exponential , logarithm, general power
function with numeric or fuzzy exponent, sin, arcsin, cos, arccos, tan, arctan,
square root, Gaussian and standard Gaussian functions, hyperbolic sinh, cosh,
tanh and inverses, erf error function and complementary erfc error function, cu-
mulative standard normal distribution). The use of the calculator is illustrated.

1 Introduction

The arithmetic operations on fuzzy numbers are usually approached either by
the use of the extension principle (in the domain of the membership function)
or by the interval arithmetics (in the domain of the a — cuts).

The exact analytical fuzzy mathematics dates back from the early eighties
and are outlined by Dubois and Prade (see [1]); the same authors have intro-
duced the well known L-R model and the corresponding formulas for the fuzzy
operations (see [2]).

Very recent literature on fuzzy numbers is rich of contributions on the fuzzy
arithmetic operations and the use of simple formulas to approximate them; an
extensive survey and bibliography on fuzzy intervals is in [3].

We suggest in [4] the use of monotonic splines to approximate the fuzzy
numbers, using several interpolation forms (monotonic rational interpolators
and mixed cubic-exponential interpolator) and we derive a procedure to control



the locations of the nodes so that the error of the approximation is controlled
by the possible insertion of additional nodes into the piecewise interpolation.

We see that, with only a few nodes, our approximations of fuzzy calculus
maintain accurate results. The parametric LU representation of the fuzzy num-
bers allows a set of possible shapes (types of membership functions) that seems
to be much wider than the well-known L-R framework.

The paper is organized as follows: section 2 contains a brief description of
the fuzzy calculus; in section 3 we describe the LU-fuzzy model and in section
4 we describe the detailed algorithms which implement the LU-fuzzy extension
principle. Section 5 contains the description of the LU-fuzzy calculator.

2 Basic fuzzy calculus
We adopt the so called a — cut setting for the definition of a fuzzy number:

Definition 1 A continuous fuzzy number (or interval) u is any pair (u™,u™)
of functions u* : [0,1] — R satisfying the following conditions:
(i) u= : o — u, € R is a bounded monotonic increasing (non decreasing)
continuous function Yo € [0,1];
(ii) vt : @« — ul € R is a bounded monotonic decreasing (non increasing)
continuous function Yo € [0, 1] ;
(iii) u, <ul Ya €10,1].

Ifuy < uf we have a fuzzy interval and if u] = uf we have a fuzzy number.

The notation:
«]

Uq = [u;, ug

denotes explicitly the o — cuts of u. We will also refer to u~ and u™ as the left
(lower) and the right (upper) branches on wu, respectively.

Ifu=(u",u")and v = (v™,v") are two given fuzzy numbers, the arithmetic
operations are defined as follows:

Definition 2 (Addition)
u—+v= (u* +f¢f,u+ +v+)
or, in terms of a — cuts , for a € [0,1] :
(wtv)y = [ug +v5,ul +vf] 1)

Definition 3 (Scalar Multiplication)
For given k € R
ku = (ku™,ku®) if k>0
{ ku= (ku™,ku™) if k <0

or, for a € 0,1] :

(ku), = [min {ku; , kul} , max {ku,, ku] }| (2)
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Figure 1: The o — cut representation of a general fuzzy interval.

In particular, if k = —1, we obtain:
—Uu = (—u+, —u_)

with the o — cuts :

Definition 4 (Subtraction)
u—v=u+(-v)=(u —vut —v7)
or, in terms of the a — cuts :

(u_v)a: [u;—v(‘f,ul‘—v;] ,046[0,1]

Definition 5 (Multiplication)

uv = ((uv)f , (uv)Jr)

where, Va € [0,1] :

- ytot
«? (xvu’uav(x

Sul utvs  utvt

{ (uwv),, = min{uj vy, uzvt, ul
o o o o) [ e

(uv): = max {u_ v, ,u



Definition 6 (Division)
If0 ¢ [vg,vg ]

=(6)0))

where, Vo € [0,1] :

[T S u, U, u: u;r

vla min — = F
Va " Va Vo Vo (5)

+ w> ul ul ul

u — max<{ —&, o “a o

vla A A

« [e3 «@ @

We denote by F the set of the fuzzy numbers/intervals.

3 Basic LU-fuzzy calculus

The parametric LU representation of a fuzzy number is defined on a decompo-
sition of the interval [0, 1]

O=ay<a; <.... <o <o <..<ay=1

for both the lower u~ («) and the upper u*(a) branches of the fuzzy numbers
involved. In each of the IV subintervals

I =|ajo1,04] , i=1,2,..,N
the values of the two functions
u(@im1) = g, ut (1) =u,
u (o) = uj,; , u
and of their first derivatives

(i) = dy,
u' () = di,;

are assumed to be known; we are interested in families of monotonic functions
that satisfy the above eight Hermite-type conditions for each subinterval I;. In
general, by the use of the following transformation of each subinterval I; into
the standard [0, 1] interval,
to=——=L 0 heT; (6)
A — Q-1

we can determine each piece independently and obtain the general left-continuous
LU-fuzzy numbers.

Globally continuous or more regular C!) fuzzy numbers can be obtained
directly from the data if the following conditions are met for the values:

- - + ot ;
U, =Ugupq s Ul =Uguq fori=1,2. N-1



and possibly for the slopes

di, =dg,py » di;=df,y fori=1,2,. ,N—1

Let p; (t) denotes the approximation of wu, on a generic subinterval I; of the

a—decomposition, with the transformation ¢t = 5_:0;1':11 , so that each subinterval

is re-mapped to the standard interval [0, 1] by
pi(t) = wulai-1+t(a; —ai1)) (7)
pi(t) = W(ai—1+t(a; —ai1))(a; — ai—1).

For simplicity of notation, we omit the subscript ¢ and we refer to I; = [0,1] i.e.

to the two-point Hermite interpolation problem of determining the monotonic
function p (t), t € [0, 1], such that

p(0)=wuo , P'(0)=do , p(1)=uy , p'(1)=d. (8)

If up < uy (i.e. the data are increasing) then dy > 0 and d; > 0 are required
and, if ug > wuy (i.e. the data are decreasing) then dy < 0 and d; < 0 are
required. In particular, ug = u; < dg = dy = 0.

We will use the notation (m,n)-rational to mean the ratio % of an m-
degree polynomial P(t) to an n-degree polynomial Q(t).

3.1 Quadratic/quadratic rational spline

The Delbourgo and Gregory (2,2)-rational monotonic spline has the following
form:

P(t) .
pio= {8 2
Ug if U1 = Ug ’

where
P (t) = (U1 — ’LL()) ’LL1t2 + (u0d1 + U1d0) t(l — t) + (Ul - UO) (27 (1 — t)2 (9)
Q) = (ur—uo)t®+ (di 4+ do) t(1 —t) + (uy — up) (1 —t)°.

Without any additional parameters, the function above satisfies the Hermite
interpolation conditions at the points ¢ =0 and ¢t = 1.

3.2 Cubic/linear rational spline

The Shrivastava and Joseph (3,1)-rational monotonic spline is given by p (t) =
P(t)

w,where
P(t) = wvup(1—1t)° +wurt +[(20 4+ w)uo +vdo]t (1 —1)°>  (10)
+[(v + 2w) uy — wdy]t* (1 —t)
QL) = v+(w—o)t



with v,w > 0 and w > v. If v = w we obtain the ordinary cubic spline.
A choice of the tension parameters v and w that guarantees the global
monotonicity of p on [0, 1] is

v diy —u1 + u
7270
w . up — ug — do

so that a simple choice may be, for example, v = 1 and

— ug — 1
w:max{ 4o do, }21
dl—(ul—U()) 1—¢

where € is a nonnegative small number, say € € [0, .1].

3.3 Cubic/quadratic rational spline

The (3,2)-rational form is suggested by Gregory

= w wi
Pt) = wug(1—1)°+ (wug+do)t (1 —t)° + (wuy —dy) 1> (1 — t) + uy t°

Qi) = 1+t(1—1t)(w—23)

and a choice for the tension parameter w > 0 to have global monotonicity is

dotds | ohtaining the ordinary cubic spline if w = 3.

w = y
Ul —uQ

3.4 Cubic/cubic rational spline

The (3,3)-rational spline has been proposed by Sarfraz

= @ wi
Pt) = uo(l—1)%+ (vug+do)t (1 —t)° + (wuy —dy) 2 (1 — ) + uyt®
Q) = (A=t +uvt(1—t) +wt?(1—t)+1t°

with v = r% and w = sdotdL 5> 1 If v = w then (12) becomes (11).
1—Uo U1 —ug

3.5 Mixed cubic-exponential interpolation

The monotonic Hermite-type interpolator is based on a mixed cubic-exponential
spline; in its simpler form, it is given by

do + dy
a

p(t) = wuo+ (ur —up— )£2(3 —2t) +

do d d
+20 0 gy g Pye
a a a



where a =1+ w > % > 0 to have monotonicity. We use w = j‘f%dl > 0 or,

ug —
to work with integer exponents, w = int(%)

The linear case (i.e. triangular fuzzy numbers) is obtained by putting dg =
dy = u; —up and a = 3: it is easy to see that the model becomes p(t) = uo+dpt.
If the data are quadratic, i.e. dy + dy = 2(u; — ug), then a = 3 and the model
becomes quadratic, p(t) = ug + dot + (d1 — w1 + ug)t>.

3.6 Parametrization and fuzzy operations

If the slopes dy and d; are not available, we can proceed by choosing them such
that, for a given positive integer n, dy + di = n(u; — ug). In particular, if we fix
an integer n and a parameter 8 € [0, 1], we can select (provided that uy —ug # 0)

{do = n(l — 6)(’&1 — Uo)
d1 = nB(u1 — uo)

so that dyp +dy = n(u; —up) and a=n+ 1. If 8 =0 or 8 =1 the model gives
two extreme shapes having dyp = 0 or d; = 0.

Using one of the previous forms to represent the lower and the upper branches
of the fuzzy number u = (u™,u") we can write the general form of the repre-
sentation

(13)

- = = =+ gt o+ gt .
u (uo,ivdo,z"%,i:dl,ia“o,i’do,w%,ivd1,i)z:1,---,

N
(14)

[pi(ta; U’(Iia da,iv Uiia df,i),pi(ta; Ua_,iv da_,ia uii_,iv d-li_,i)}i:L?wwN

<l

Uq

: O e R e S
where the functions pl(tmuM,d07i,u1_i,d17i) and pz(ta,uo)i,d07i,ul7i,dl)i) are
obtained by monotonic models, with Jk,i = dyi(; —a;—1), 1 = 0,1 and t, =
221 for v € i1, ]. For N > 1 we have a total of 8N parameters ug , <

Qg —Q—1
(CR} < Ug o < Ug o <..< u(;N < uiN7 d,;i > 0 defining the increasing lower
branch u_ and ug,l > ufl > uSﬁQ > uiz > ... > “(T,N > uf’N, d;i < 0 defining
the decreasing upper branch u/ (obviously, also uj 5 < uf N is required).

A simplification of (14) can be obtained by fequiriné continuous or dif-
ferentiable branches; in the first case, u;; = ug,,; and ufz = U(T,iﬂ for
1 =1,2,..., N—1 while, to have differentiability, also the conditions d,;i = d,;iﬂ,
d;i = dzm-l are required. For the two cases we then have 6N + 2 or 4N + 4
parameters, respectively.

In the stricly monotonic case, the membership function p(z) of the LU-
fuzzy number u, given by the equations u(u, ) = u(ul) = a for a € [0, 1], is the
following.

wa) = 0 if o ¢ ugug) (15)
a if x=wu, orz=ul foragiven a € [0,1]

= 1 if z€u,uf]



In particular, corresponding to the nodes of the a—decomposition,

puy) = puf) =aq; for i=0,1,..,N

(]
and, for the differentiable case (the general piecewise differentiable case is sim-
ilar)
1

1
= W (uf)=— for i=0,1,...,N.

d+

i

1 (uy)

In the applications to fuzzy calculus described in [9] we consider only the dif-
ferentiable case, for which we use the representation:

w=(u;,d; uf,df )izon,. N (16)

with the data
uy <u; <...<uy < u} < u}_l <. < uar (17)

and the slopes
d; >0,d <0. (18)

By the Lower-Upper representations we can define corresponding spaces of
fuzzy numbers, on which the standard operations and metrics can be introduced
by the use of the standard fuzzy calculus.

Denote by Fy = {u| U= (uaﬂ-,da’i,uii,dii;uai,dai,ufi,dfi)izlww} or,
in the differentiable case, ﬁN = {u| U= (u;,d;,uj,d;r)izoﬁl,m’]v} the set of
LU-fuzzy numbers. Fy is a 4(N + 1)-dimensional space.

Given two LU-fuzzy numbers

u=(u; ,d; uf d+)i:0,17,_,N and v = (v, ,e v 6+)i:0,17___7N

AR B Al A At 4 R BRIt BRI ]

the arithmetic operators associated to the LU representation can be obtained
easily.
The addition is defined by:

utv=(u; +v;,d; +e;,uf +vl.df +ef)izon,. N

1

The scalar multiplication is defined as follows:

if £ > 0 then

ku = (kuz—v kdq,_v kuj_7 kd?_)i=0,1,...,N;
if £ < 0 then

ku = (kuj, k‘dj, k:u;, kd;)i:0’17,,.)N.
In particular, if £ = —1, we have

_ + + - -
—u=(~u;,—dj, ~u; ,—d; )i=0,1,...N



and the subtraction is defined by
u—v=u+ (—v).
For the fuzzy multiplication we introduce an easy to implement algorithm,

based of the applications of the exact fuzzy multiplication at the nodes of the
a—subdivision; define

(wv);, = min{u;vi_,ui_vj,uj'vi_,ujvf} (19)
(uv)j_ = max{u[v[,u[uj‘,uj‘v{,u?v;"} (20)

and set the following:
— (= = at
wv = (w;, fi wi', f; )z’:O,l,..A,N

To implement the multiplication we can proceed as follows: let (p; ,q; )
be the pair associated to the combination of superscripts + and — giving the
minimum (uv); in (19), and similarly let (p;,q;") the pair associated to the
combination of + and — giving the maximum (U’U)j_ in (20), then we obtain:

- - + .t
- Py q; i q;
w; =ui o) and wf =l v
- - - - + o+ + o+
- _ gPi % p; 4 + _ gPi 4 p; 4;
fi=d; v;" +u;" e and f7=d; v;' +u;'e;

where we use the product derivative rule to obtain the new slopes.
Analogous formulas can be deduced for the division:

ufv = (z[,g[,z?‘,g?‘)izo’lww

(u/v), = min{u;/v;,u;/v;",u;"/vi—,u?‘/v;‘} and (21)

+ ., _
(U/U)Z - ma‘x{ui /vi ) Uy /v?’,u?‘/vi ,uj'/vj'}

Let (r; ,s; ) be the pair associated to the combination of + and — giving

r;r, sj) be the pair associated to the
combination of + and — giving the maximum in (u/v);

the minimum in (u/v); and similarly let (
, then it follows:

- - + o F
—— T Si + _ T Si
z; =uw;" Jv;t and 2z =u;’ Jv,

- - - - - + ot + ot +
g; = (d:’ vfi — u:Z efi )/(vf’ )2 and g;r = (d:’ vfi — uzl ef" )/(vf‘ )2.

We note explicitly that the scalar multiplication is always reproduced exactly
in all the models for all @ € [0, 1] but, in general, this is not true for the addition
as the sum of rational or mixed functions is not a rational or a mixed function
of the same orders.



As pointed out by the results of the experimentation reported in [4], the
operations above are exact at the nodes «; of the representation and have very
small global errors on [0, 1]. Further, it is easy to control the error by introducing
additional nodes into the representation or by using a sufficiently high number
of nodes with max {a; — c;—1} sufficiently small. To control the error of the
approximation, we can proceed by increasing the number N + 1 of points; a
possible strategy is to double the number of points by using N = 2% and by
moving automatically to N = 25+1 if a better precision is necessary.

For all the computations, as in [4], the illustrated algorithms are immediate
to implement and also a standard spreadsheet can be used. The results in [4]
of the parametric operators have shown that both the rational (12) and the
mixed (??) models perform very well, with a percentage average error for a
single multiplication and division of the order of 0.1%.

4 Fuzzy extension of univariate functions
In the general form the LU-representation can be written as:

X = (a“ , 02, ;r’(sajj)izo,l,...,N
where the nodes «; of the representation are shown explicitly (the symbol § is
used to denote the slopes).

The fuzzy extension of a single (real) variable (differentiable) function f :
R — R to a fuzzy argument u, = [u,,ul] has a — cuts

f () = min{f(z) |z €uat,max{f(z) |z € ua}]. (22)

Note that if f is monotonic increasing we obtain f (u), = [f (u;), f (ul)] while,
if f is monotonic decreasing, f (u), = [f (u}), f (uy)].
For this specific case, we introduce a notation similar to the one used for

multiplication or division: let p;,p} € {—, +} be defined as follows

_ =i min{f(uy),f(ul)}=f(u;)
pa{ + if min{f(uy),f ()} =f(u})
p+:{ — if max{f(ug),f(ul)} = f(uy)
@ + if max{f(uy),f(ul)}=f(u})

We simplify p(ﬂ;i = pii ,2=0,1,..., N, in the points of the «—decomposition. So,
we have f(u), = f (uﬁ‘:) and f(u)f = f (uﬂj) . If X is the LU-fuzzy number
z, Dj)

i—0,1,.. then its image f(X) is

£X) = (0 @), £ @D F). £l D))

i=0,1,...N

The case of the fuzzy extension of a nonmonotonic function is handled in
a similar way. In this case, the points where the minimum and the maximum

10



values (22) are taken, can be internal to the interval u, or coincident with one
of the extremal values. In the last case, the o — cut of the extension is obtained
as described above. Let

f(X) = (O‘i7f;»5f;7fiiv(;fzf)i:o,l,...N

denote the fuzzy extension in the general case and suppose that the function
[ is differentiable. If the minimum value, defining the lower branch f (u), , is
taken at an internal point z; €]u; ,u;[) , then

fi=f(z;) and 6f; =0;
if the maximun value, defining the upper branch f (U)j_ , is taken at an internal
point ] €Ju;,uf[) , then

fim=f(x5) and &6f;" =0.

K2 K2

The details for the fuzzy extensions of the basic elementary functions and
some special functions of particular interest are given in the rest of this section.
In some computations, we require a big constant to represent infinity (posi-
tive or negative): we denote it as BIG and in our computations we use BIG=1000.

4.1 Fuzzy extension of X — X"

(the input are the fuzzy X and a positive integer n > 2).
Denote
Yy =X"

within the LU-representation framework

Y = (00, Y, 8%, Y, 6Y))

i=0,1,..,N
case 1.n = 3,5, ... (odd)
For each ¢ =0,1,..., N
Yo =(x)"
— _\n—1 —
6}/1 =n (Xz ) 6Xz
v = ()"

11



case 2. n = 2,4, ... (even)
For each ¢ =10,1,..., N

Y = (Xz‘_)n
- i+ = (X;r)n
If z;7 > 0 then 5V =n (Xi_)nfl X,
Syt =n (X)) 6xX;
v =(x7)"
else if 27 < 0 then Yi+ B (Xz—)"
= SV —n (X7)" o
oY =n (X)X,
Y =0
Y, =0
Y= (xH"
else then { SY+ :(n Z())ﬁ)” e
it o] < Jo?| S
else{aiJr_ PR _
YT =n(X7)" 60X,

4.2 Fuzzy extension of X — X" = %

(the input are the non-zero fuzzy X and a positive integer n > 1). Validity test

can be stated as follows: X is non-zero if either X; > 0 or X < 0; in other
words it means that 0 ¢ [zg, x|

Denote
_ — syv— v+ syt
Y = (O‘%Yi 75Yi ’Yz’ 75Yi )i:O,L...,N
with
Y=XT"
case 1. n=1,3,5,... (odd)
For each¢=0,1,..., N
-_ 1
YOS
oY = _(X+7l)n+15Xi
) —
Fo(xD)
YT =— T 0X,

12



case 2. n = 2,4, ... (even)
For each ¢ =10,1,..., N

- _ 1
oTwy
=5

4 X\

If z; > 0 then - +
oY, (Xj)"r‘*'léXi
5Y;" ( f)n+15Xf

- _ 1 K
YT
Yyt = =

+ ’ X;

If z7 < 0 then 5V = — & X,

Y = (X;SW(SXJ

4.3 Fuzzy extension of X — exp (X)

(the input is the fuzzy X).
Validity test can be stated as follows: X is non-zero if either X, > 0 or
X < 0; in other words it means that 0 ¢ [zg, ] . Let

Y =exp (X)
For each ¢ =0,1,.... N
Y~ =exp (X;)

Y = e (X))
5V, = (exp (X)) (6%))
5 = (exp (X)) (6X7)

4.4 Fuzzy extension of X — In (X)
(the input is the positive fuzzy X). Validity test: X7 > 0. Let

Y =In(X)
For each ¢+ =0,1,.... N
Y =In(X;")
V= (X)
5y, = 2%
sXF
Syt = <+

4.5 Fuzzy extension of (X,Y) — XV

(the input are the positive fuzzy X and the fuzzy V).
We use the definition
XY = exp (VI (X))

13



and we compute

Z=XY
by the sequence of operations:
(7) (natural logarithm) Z «— In(X)
(i7) (standard multiplication) Z +«— YZ
(#it) (exponential) Z «— exp(Z)

4.6 Fuzzy extension of X — sin (X)

on the invertibility domain (the input is the fuzzy X with support in [—Z, Z]).
Validity test: —% < X5 < X <Z

Let
Y =sin (X)
For each i =0,1,...., N
Y, =sin (X;)
Yﬁ = sin (X:r)
8Y;” =cos (X, ) 0X;
5Yi+ = cos (X;L) 0X}

4.7 Fuzzy extension of X — arcsin (X)

(the input is the fuzzy X with support in [—1, 1]).
Validity test: —1 < X < X <1
Let

Y = arcsin (X)

For each ¢ = 0,1, ..., N, (if necessary, use the constant BIG)

Y,” = arcsin (X;)

Y, = arcsin (Xf)

sY- +BIG it X7 =—-1orX, =+1
i 1 - if — -

SAOXT i —1< X <

sy | BIG if X = —1 orX;" = +1
. = 1 + . o +
i WaXi if —1<X<1

4.8 Fuzzy extension of X — cos (X)

on the invertibility domain (the input is the fuzzy X with support in [0, 7]).
Validity test: 0 < Xy < X <
Let

Y = cos (X)

14



For each ¢+ =0,1,..., N

Y,” = cos (X+)
Y+ = cos ( )
5Y[ —sin (Xj) 6Xi+
5Yi+ = —sin (X ) 0X,;

4.9 Fuzzy extension of X — arccos (X)

(the input is the fuzzy X with support in [—1,1]).
Validity test: —1 < X < X <1
Let

Y = arccos (X)

For each ¢t = 0,1,..., N,

Y.~ = arccos (Xj)

K2

Y;t = arccos (X;)

K3

4.10 Fuzzy extension of X — tan (X)

(the input is the fuzzy X with support in | — Z, 5).
Validity test: -2 < X, < X <
Let

Y = tan (X)

For each¢=0,1,..., N

Y, =tan (X;)
Y = tan (X}

6V, = (1 +tan® (X)) 6X;
§Y;" = (1+tan? (X;1)) 6.X;

4.11 Fuzzy extension of X — arctan (X)

(the input is the fuzzy X with support in R).
Let
Y = arctan (X)

15

{ BIG  if X; = —1 orX;t =
oY, = Xt . +
i L if —1<X"<1
Vi-xF ¢

N —-BIG if X, =—-1orX,
M= Bl <x <



For each ¢+ = 0,1,..., N,

Y, = arctan (X,)
Yi+ = arctan (Xf)
SX[

Py
+_ _o0xf
Y= LGy

4.12 Fuzzy extension of X — VX

(the input is the non negative fuzzy X).
Validity test: X >0

Let
Y =VX
For each : =0,1,.... N
Yim =X
Yyt =,/XF
_ BIG if X; =0
- 8X7 > i
oY, T2 X;_{ ‘;‘:i if X7 >0
 sxt BIG if X;"=0
RN I P G

4.13 Fuzzy extension of X — X

(the input are the positive fuzzy X and the real «).
We use the definition
X% =exp (aln (X))

and we compute

Y = X¢
by the sequence of three steps:
() (logarithm) Y «— In(X)
(i) (scalar multiplication) Y +«— aY
(#91) (exponential) Y — exp(Y)
4.14 Fuzzy extension of X — ¢~
(the input is the fuzzy X).
The computation
Y =exp (—X 2)

16



can be done by following three steps:

(square power function) ()Y = X?
(opposite) (i)Y «— -Y
(exponential) (i)Y «— exp(Y)

4.15 Fuzzy extension of the Gauss standard function

2
1 x2

— P
X \/ﬂ6

(the input is the fuzzy X).
The computation can be done by following four steps:

(square power function) Ny = X?
(negative scalar multiplication) (i)Y «— —3V
(exponential) (1) Y «— exp(Y)
(scalar multiplication) (iv)Y  — \/127

4.16 Fuzzy extension of the hyperbolic sinusoidal function

X — sinh(X)
(the input is the fuzzy X).
Let

Y =sinh (X) = ————

For each ¢t =0,1,.... N

7

YT = (X —e_Xf) /2
YT = (X — e X /2
§Y,” =6X; (eXi — e’X5> /2
§Y;m =6X;" eXi — e_XiJr) /2

4.17 Fuzzy extension of the hyperbolic cosinusoidal func-
tion
X — cosh(X)
(the input is the fuzzy X).
Let

X 4 =X
Y = cosh (X) = ere”

17



For each ¢t =0,1,..., N :

Y, = cosh (X;")
YiJr = cosh (X;)
oY, = 5Xi+ sinh (Xf)
§Y;" =6X; sinh (X;)
Y,” = cosh (X,;
Y;t = cosh (X;
0Y,” =6X; sinh (Xi_)
5Yi+ = 5X¢+ sinh (Xj')

Y =1, Y =0
then { Y¢+ = cosh (X._)

, { Y;" = cosh (X
else

if X;" <0 then

——

else if Xi+ <0 then

else

if abs(X; ) > abs(X;")

4.18 Fuzzy extension of the hyperbolic tangentoid func-

tion
X — tanh(X)
(the input is the fuzzy X).
Let
Y = tanh(X)
and

sinh () e —e @
tanh = =
anh(z) cosh(z) e*+e®

For each : =0,1,.... N

Y,” = tanh (X;)
Y;" = tanh (X;")
§Y; =6X; /cosh® (X;)
§Y;" = 6X;"/ cosh® (X;")

4.19 Fuzzy extension of the inverse hyperbolic sinusoidal
function
X — sinh™(X).
(the input is the fuzzy X).

Note that
sinh™'(z) = In (:zc +V1+ :E2>
d . 1
— sinh ) =
dx ( ) V1 + .’E2

18



For each ¢+ =0,1,..., N

Y =sinh™" (X))
V;F =sinh ™" (X;)

2

5Y; = 6X; /\ 1+ (X7)°
feaxf i (X

4.20 Fuzzy extension of the inverse hyperbolic cosinusoidal
function
X — cosh™(X).

(the input is the fuzzy x, with support > 1 and the validity test is xo > 1).
Note that

cosh™(z) = In (:c +Va?— 1) ,x>1
d -1 1
% cosh (ZC) = ﬁ

For each ¢+ =0,1,.... N

Y = c05h71 (XZ_)

Yf = cosh™ (X +

- =X /\/(X7)? =1 (if X; =1 then §Y;” = BIG)

:5X¢+/V Xj —1 (if X;" =1 then 6Y;" = —BIG)

4.21 Fuzzy extension of the inverse hyperbolic tangentoid
function
X — tanh™(X).

(the input is the fuzzy x, with support in |—1,1[ and the validity test is
—1<zy <zf <1).

Note that
1 1
tanh™'(z) = ln(l—'_x) ]-1,1]
d 3 1
%tan () = o2
For each i =0,1,...., N



4.22 Fuzzy extension of the erf and erfc error functions

2 x

z — erf(z) = —= [ exp(—t?)dt = (increasing)
VT /
0

—+o0
2
= l—ﬁ/exp(—tQ)dtZ
x

= 1—erfc(x)
with
2T
erfc(z) = — / exp (—t*) dt (decreasing)
7r

x

For the erf ¢ function we use the following approximation, with a fractional error
less then 1.2x10~7

z = abs(x)
¢ = 1
1+ %z
and
texp(—z2+p(t)) ifx>0

erfc =
2 —texp (—2% +p (1)) if <0

where (Korner rule)
p(t) =ap+t(ar +t(az+1t(as+1t(ag+t(as +t(as+t(ar +t(ag + tag))))))))
and the coefficients assume the following values

ap = —1.26551223 as = 0.27886807
a1 = 1.00002368 as = —1.13520398
az = 0.37409196 a7 = 1.48851587
a3z = 0.09678418 ag = —0.82215223

ayq = —0.18628806 ag = 0.17087277

Let
Y =erf (X)

For each ¢+ =0,1,.... N

Y =erf (X;)
Yt = erf (X))

_ — 2 —\2
oY, =6X; 7= OXP (-X;)
Y;H = 6X; 2 exp (—X;)?

(2 K2

Sl
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Let now
Y =erfc(X)

For each : =0,1,.... N

Y, =erfc(X})
Yf =erfe (Xz_)
0V, = —6X" L exp (—X*)

i i T 7

0Y;F = —oX; (-X7)°

2
% exp

4.23 Fuzzy extension of the cumulative standard normal
distribution function

()f/ Ear

The function ® (x), 2 € R, can be approximated by the following procedure:
(ivef(g))  iez0

%(l—erf (—%)) ifx <0

Let
Y =®(X) with X fuzzy

For each ¢+ =0,1,.... N

Yo =2o(X))
V= ()

_ _ —X?
0Y,” =0X; \/%eXp( )
Syt = st L (_X;rQ)

i =0z m-exp(—5

5 Implementation of the LU-fuzzy calculator

To implement the LU-fuzzy calculator, we have written a windows-based frame
similar to a standard hand-calculator.

Figure 2 shows a panoramic view of the calculator; from left to right we can
see the grids of the fuzzy numbers X, Y and Z. Z is the result of the operations
while X and/or Y are the operands. For each element v € {X,Y, Z}the grid
contains the values o, u; , du; , uf and (5ui+ respectively. To start the calcu-
lations, we have implemented a set of predefined types, including triangular,
trapezoidal, exponential, gamma, ect. For a given type, it is possible to define
the number N of subintervals (N + 1 points) in the uniform a—decomposition.
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General window of the LU-fuzzy calculator

The calculations are performed by clicking the button of the corresponding
operation. The left group of buttons involves the binary operations (see figure

3.)

L=z X-T

Dpeations on < and 'y
2aX+¥ | XY | XY
EeXIY Ye-X

M| XY )
Ma XY ]

Za XY |

2K Swapl XY

XmY

Binary operations and assignments

The second group of operators (see figure 4.) require the assigment of either
X or Y to the temporary K (see figure 5) and operate on K itself putting the

result into Z.

Dpesstion arly on K.

28K ] : 2 Aied(K]

a.cns{nlgz:umm

ENE | BT L:IM(K)

:F  D:Ew  L:EgiE)

22 EA(K)
2:=LilE)

T B
ELEL TR A

aTofL] s k()

DafgyE) CoKYm) 2skK'a

e Nomnal K] Debusn )

Extension of univariate functions
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" K=
 KeY

Selection of the argument for fuzzy extension functions

It is possible to save a given (X, Y or Z) temporary result into a stored list (Put
in List button), by assigning a name to it; a saved fuzzy number can be reloaded
either in X or Y for further use (Get from List button). The Plot button (see
figure 6.) opens a popup window with the graph of the membership function of

the corresponding fuzzy number.

Fiial
Put it Ligt
Get from List

Buttons to Plot, Put into List and Get from saved List

Figure 7. illustrates how to select a fuzzy number from a list of predefined types.

Select a Predefined Type

Triangular/Trapezoidal
E xponential
Azummetnic Exponential
_|Gauszsian i
“|mamma Type
Pe¥.¥ | mewrtw Yoo | 'r-rmr‘.-rwi
Selection of predefined types of fuzzy nymbers

To obtain the graphs or other representations, one of the models described in
section 3. can be selected (figure 8.).

=[] uadratic/Linear R ational Spline
[ uadratic/Quadratic B ational 5 pline
Cubic/Linear Bational 5pline
B Cubic/Quadratic B ational 5 pline
Cubic/Cubic Rational Spline

Choosing the monotonic spline model
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We illustrate an example to show how the calculator works.

1. First (see figure 9.) select a trapezoidal fuzzy number and set to 5 the
number of subintervals in the a—decomposition (the higher N the higher the
precision in the calculations); the maximal value of N is 100; typical values are
2, 5 or 10.

& TriangularfTrapezoidal E]

Fuzzy Number: [m1, m2, a,b]

I Trnangular/ Trapezoidal

Fuzzy List

- Operatiohs ot and

e (e Mo Mim[ 27 )

Z=X-Y | 2-XY | YeooX | Ma{Xy) E=Cos[K]‘Z=ArcCos[K]

E:Ta'H[K]‘ = arcTan] K

-3 ‘ Z-¥CX |Swap[)[,’:f']‘ LMY

Example for trapezoidal fuzzy number

If the selection is loaded into the X-area, the corrisponding grid appears as in
figure 10.

LU-Fuzzy Calculator
I Fuzzy Mumnber [ =]

2lfalil #Ui- S0 =i+ HDi+
0 2 1 7 -2
2 22 1 EE -2
4 24 1 E2 -2
B 2B 1 ha -2
B 28 1 b4 2
1 3 1 5 =

Triargular/Trapezoidal

=

|5

Plot I

Assigne the trapezoidal fuzzy number to X

2. A second fuzzy number is loaded into Y and the button corresponding to
the operation Z=X/Y is activated. The Z-grid is calculated by the rules of the
LU-fuzzy calculus (see figure 11.).
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An example of a fuzzy division: Z=X/Y

3. To see the graphical representation of X, Y and/or Z, click the corre-
sponding Plot button and the popup windows appear (figure 12.).

B LU-Fusey Cakoulalor 3
Fuzzp Humbes | 1] Fugsy Humer [ |

5]

N/ ]

~ |2 AT - TR IES -~
g Blioom Bl Ry O |
| T _ 7
16 2,07 1933336EA £.570000000:T0 am3 ﬂmﬁ?lﬂ‘ﬁﬁi
LG M [LINYEERL | ESEUILLIEH FH = 102 & 105SCoere LI
Fxit 0,05 ~ |2008200330000 - 0.0 Ed
2, e
GLAIlca = : 4|3 s
B e 117 L T EIT et R ITITE e
Esit |
=t

Plotting the operands and the result of an operation

4. Now, we save the result Z of the previous operation and we call Fuzzy Z
its name (figure 13.).
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Input Name

=1 Mame of the fuzzy number?
: Plot |
f— Arnulla l
st Putinlst |
|Fuzzy 3 7
Enp(-X°) E=Eif[K] i
|
| | Fafnl K1l s mnl‘.n:fﬁll ne K | ns B |?.=F]HHIR']I Z:Hallﬁﬂ(]| A= RICTE I

5.

Saving of an intermediate result for further use

Now we load the saved Fuzzy Z into the X-area, by getting it from the
list of saved elements (figures 14. and 15.).
Fuzzy List F'ut":|E
| - Get from L
~|Fuzzy £
S R e S e R K- 1 NMml 1‘|"”|I

Loading of a saved intermediate fuzzy number into X area

= LU-Fuzzy Calculator
— Fuzzp Humber [ =]

Alfali] #Li- »Di- Ui+ »Di+
1] 8] SEE] 3.5 -2.75
2 S7E94736 | 41561246 | 3 222
4 BEEEEEEE | 4E2IE2TE | 2 BBIRIIZ | 1. 9097222
B SEAF0SEE [ 51903114 | 22307632 | 1. 6272189
i 75 SR5937E [ 1.9285714 | 1.4030812
1 1 0 1.BEBEREE | 1.2222222

!Triangular.-’Trapezaidal ;I I5

Flzk
Fuzzy List Put it List
!Fuzzy_Z - EOMNN 51 -1 0 0
Me ssmbimn s = 5 o 5

Result of loading a saved fuzzy number into the X area
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6. If we try to apply the fuzzy extension of the log function to a fuzzy number
X, we first select the assigment K=X and then we click on the Z=log(K) button

and on the Plot buttons of X and Z (figure 16.).

m Frogatind - Microso(t Wissal Basic [esecuriane] - [AldF codice )]

B LU Fuzzy Calcwiater
Fuzze Nurber | £ | Fuzzy Humbse | 7 | 7 Pz humiber | 2]
i 3 | i i |- e | rlie i | Akal) Flie

Taamgula,Trapd

Tumli

— \
ToKY  En o 31
XY I \ E1]

LR 5 S K]
\\ ]

. e | .

nagh
Ca,
e ™
Cmaz A T o »| [0 N [ZEEEE -
- a2 e
B T i AN 1 TN 1 oo NE AR, |sime
” Co0aIEATE (1233000006023 T ==
Gratiod |nns ZO1AAARE |12 300000005 AR g || S Pk o 25 g
Enc sum | |ARZ |5 mAaaTass & |17 3I0nnnfuaT = e [ ] 2 E4AMOTEF |

Calculating and plotting X and Z=log(X)

6 Example of Use: Black-Sholes option pricing

In this final section we illustrate the use of the calculator for the fuzzification
of Black-Sholes formula in the valuation of a european put or call option.
Standard Black Scholes (B-S) formula for the European put/call options

(without dividends)

Sy (current) stock price at time ¢ € [0, T FUZZY
T: time to maturity CRISP

K: exercise price (strike price) FUZZY

T interest rate (continuously compounded), FUZZY
o: (standard deviation) volatility, FUZZY

then

FUZZY price C; of (European) call option at time ¢ is given by:
Cy = 8i® (D1 (S, K,7,0,T —t)) — Ke "I (Dy (Sy, K, 7,0, T — t))

FUZZY price P; of put option at time ¢ (with the same expiry date T and
strike price K) is given by:
Pt - St[© (Dl (Sta K7 T7U’T - t))_l]_Ke_r(T_t)[© (D2 (Sta K7 T',O',T - t))_l]
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where

® (z) : cumulative (increasing) standard normal function and

In (£)+rt

g

D, = —f_— 4+ Vi,
1 a\/f B)
1n(§)+7"t o

D, = —\x)T" 9 p
2 a\/f B)

Here, we apply exact extension principle for the calculation of Dy and Dy by
extending the two dimensional functions (z,y) — ¥ + § where 2 =In (£) +rt

and y = o/t.
The probability density function for the option value C; is given by (log-
normal type):

D(C,) = %e‘élﬂ where
r(T—t)
a = ( )(Cter( )
Cte7(T ik - LQ -
R G ( 2) "
o(T—-1)

Also the fuzzy versions of the GREEKS can be easily calculated.

The results obtained by the LU-fuzzy decomposition with N = 10 are exact
up to 8 decimal places.

The data are from H.-C. WU, Computers and Operations Research, 2004.

K =30, T = 0.25, t = 0 and the fuzzy numbers are all triangular and
symmetric:

So = (32,33, 34),
r = (0.048,0.05,0.052) and

modified to 7y = (0.048,0.1,0.12, —0.002; 0.05,0.005,0.05, —0.01)
= (0.08,0.1,0.12) and

modified to oy = (0.08,0.1,0.12, —0.005; 0.1,0.01,0.1, —0, 1)
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Example Plot X = D; , Plot Y = ® (D)

IX| | % Plot Y

i Alphaf) | Lower() Upper(} Alphaf) | Lower() Upper)
135 10,9750 2 15526527E+1) 2.20738736E+0 195 09750 989433291 E-1 9.86360609E-1
136 0,9800] 216043261+ 2.20212909E+0 195 09800 9.84634390E-1 966176081E-1
197 10,9550 2,16560873E+0| 2,19668123E+0 197 09850 9.84833608E1 9.85989760E-1
138]  0,9900] 2.17079666E+0 219164376E+0 198 08900 9.85030943E-1 9 85801665E-1
193] 10,3950 2,17599342E+0 2186416690 193] 09950 9.85226412E-1 965611740E-1
200] 1.0000] 2 18120000E+0| 218120000E+0 200[  1.0000 9,35420000E-1 9.65420000E-1
= S—
Exit Exit |

Alphaf) | Lower() Upper() A i Alpha@) | Lower() Upper() B
195 0.9750)| 498855 458E-2] 50232612562 195 0,4750 9,97602071E-2 1,02348020E-1
196 0.8500] 4,99068139E-2 5.01867904E-2 196 10,9500 9,38065680E-2 1,01302134E-1
197 0.9850 4.99288689E-2 5.01436488E-2 197 0.9850 9.98537135E-2 1.01444618E-1
198 0.8900] 49951735662 500371571E-2 198 0.8900 9.39016583E-2 1,00875240E-1
199 0,995 4,99754379E-2 50049284362 199 10,9350 9,39504164E-2 1,00493774E-1
200 1.0000 5.00000000E-2 £.00000000E-2 200 1.0000 1.00000000E-1 1.00000000E-1
Exit | Exit
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Plot X = Cy , Plot Y = ModifiedCy

i Alpha() | Lower() Upper() N | Alpha() | Lowert) Upper(i -

195 0.9750 3,29309516E+0 3,47089215E+0 196 0,97650 3,24735749E+0 3.61861626E+0

196 0.9800 3.31088096E+0 3.45311063E+0 196 0.9800 3.27399729E+0 3.49175762E+0

197 09850 3.32866413E+0 343533107E+0 187 0.9850 3.30078139E+0 3.46454761E+0

198 0.9500 3,34644450E+0 3,41755294E+0 198] 10,3900 3.327709686E+0 3.43718468E+0

193 0.9950 3.36422348E+0 3.39977598E+0 1949] 0.9950 3.35478272E+0 3.40966890E+0

200 1.0000 2 8 200 1,0000 & &

Exit | Exit

References

[1]

2]

D. Dubois, H. Prade, Fuzzy Sets and Systems: Theory and Applications,
Academic Press, New York, (1980).

D. Dubois, H. Prade, Possibility Theory. An approach to Computerized
Processing of Uncertainty, Plenum Press, New York, (1988).

D. Dubois, E. Kerre, R.Mesiar, H. Prade, Fuzzy Interval Analysis, in: Fun-
damentals of Fuzzy Sets, D. Dubois, H. Prade, Rds. Kluwer, Boston, The
Handbooks of Fuzzy Sets Series, (2000) 483-581.

M.L. Guerra, L. Stefanini, Approximate Fuzzy Arithmetic Operations Us-
ing Monotonic Interpolations, Fuzzy Sets and Systems,150/1, 5-33, 2005.

M. Hanss, The transformation method for the simulation and analysis of
systems with uncertain parameters, Fuzzy Sets and Systems 130 (2002)
277-289.

A. Kandel, Fuzzy mathematical techniques with applications, Addison Wes-
ley, Reading, Mass, 2000.

A. Kaufman M.M.Gupta, Introduction to fuzzy arithmetic, theory and ap-
plications, Van Nostrand Reinhold Company, New York, 1985.

G. J. Klir, Fuzzy arithmetic with requisite constraints, Fuzzy Sets and
Systems 91 (1997) 165-175.

L. Stefanini, L.Sorini, M.L.Guerra, Parametric Representations of Fuzzy
Numbers and Applications, Working Paper Series EMS, n.95, University of
Urbino, 2004.

30



[10] L. Stefanini, L.Sorini, M.L.Guerra, Simulations of Fuzzy Dynamical Sys-
tems using the LU Representation of Fuzzy Numbers, Chaos, Solitons and
Fractals, forthcoming, 2005.

[11] L.A. Zadeh, Fuzzy Sets, Information and Control 8 (1965) 338-353.

31



